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a) Let (M, g) be a D-dimensional manifold with metric and Levi-Civita connection. Let X
be a (D — 1)-dimensional hypersurface of M and X a vector field that is nowhere tangent
to X. Briefly describe the construction of coordinates adapted to the integral curves of X.

b) Let (M, g) be a 4-dimensional spacetime with metric and Levi-Civita connection. The
spacetime is defined to be stationary if there exists a coordinate chart {z#}, u =0, 1, 2, 3,
with timelike coordinate 2" (i.e. goo < 0) such that the metric components satisfy
Ooguw = 0. The spacetime is defined to be static if there exists a coordinate chart such
that dyg,, = 0 and go; = 0 where ¢ =1, 2, 3.

(i) Show that the spacetime is stationary if and only if there exists a timelike Killing vector
field V.

(ii) Show that if the spacetime is static, there exists a timelike Killing vector field that
satisfies V|,V V) = 0.

(iii) Now consider the reverse of question (ii): let V be a timelike Killing vector field with
ViaV V) = 0. Show that the condition V|,V V,) = 0 implies
Vu([VI'V) = Vo (IV["V,) = 0, (1)

where |V|? := V,V? and n is an integer number. Determine n.

(iv) The general solution V,, to Eq. (1) can be expressed in terms of the gradient of
a scalar function ¢. Show that this scalar function is of the form ¢ = 2% + f(2%)
where f is a free function. Use the scalar ¢ to transform from {z*} to new coor-
dinates {z®} where go; = 0 and 00wy = 0 and thus prove that the metric is static.
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a) Einstein’s first attempt to formulate the field equations of general relativity was
Rap = KTy, where Ry, T, and k are the Ricci tensor, energy-momentum tensor and
a constant, respectively. Argue how this equation is problematic considering conservation
of energy-momentum and the contracted Bianchi identities.

b) Let (M,gqe) be a four-dimensional spacetime with Levi-Civita connection. The
determinant g of the metric satisfies 0g/0gap = g g°“B.
(i) Show that the trace of the Christoffel symbols satisfies

|
Tou==0nV=0-

(i) Show that the two expressions for the energy momentum T, in terms of the matter
part Sys of the action

oL 2 0(y/—gL
=205 Lgy,  Tay= 2 WVID)

9g°P V=g 0g°F

are equivalent. Here L is the Lagrangian in the action

SM = /M L(¢7 QS,a,goé/B)\/__gdlll' .

(iii) The matter action of a minimally coupled scalar field is given by

5 / @[—%W(vm (Vo6) — V()| d'x, ()
M

with the potential V(¢). Derive the equations of motion for the scalar field under the
assumption that the variation of the scalar field vanishes on M.

(iv) Calculate the energy momentum tensor T,z associated with the action S of Eq. ()
and show that this energy momentum tensor obeys the conservation law V,T*, = 0 pro-
vided that the equations of motion are satisfied.
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Let (M, gu) be a four-dimensional, globally hyperbolic spacetime with coordinates
() and the Levi-Civita connection I'j,. The determinant g of the metric satisfies
09/0gap = g g*°. The Riemann tensor is given by

RVypo = Q08 — 9Tt +- T7 T —T7 T

vo Tp vp-TO "

The coordinates (z*) are called harmonic coordinates if they satisfy
VAV 2% =0, (1)

where the 2 are treated as scalar functions in the covariant dervative.
(i) Briefly comment on whether or not Eq. (1) is a tensorial equation.

(ii) Show that the harmonic gauge condition can be formulated in the following two
equivalent forms

JTE =0« 9, (V=gg™)=0.

(iii) Show that in harmonic coordinates, the vacuum Einstein equations can be written in
the form

1
Raﬁ = —§g’“’(9ﬂaygag +...= O,

where the dots denote terms (which need not be evaluated explicitly) containing at most
first derivatives of the metric components.

(iv) In the “341” split of the Einstein equations, the spacetime metric and its inverse are
written as

( —a® + BeB* B ) o8 ( —a”? a7 )
Jop = 9= 2 ij_ . —2pigj |’
Bi Yij o Y — T p

where Latin indices range from 1 to 3, 7;; is the spatial metric, ~4 its inverse, B¢ the shift
vector, 3; = fyjiﬁi and « is the lapse function. The ADM equation for the time derivative
of the the spatial metric is given by

Ovij — BT Ohvis — M0 BY — vk 0;8% = —2aK;; .
Show that this equation implies
Oy — B0y — 290k = 207K,

where K = y"™" K, is the trace of the extrinsic curvature.

(v) The harmonic slicing condition is defined by V#V 2% = 0 where 29 = ¢ denotes the
time coordinate in the 3+1 decomposition. Show that the harmonic slicing condition
implies

&ga - Bz@a = f(Oé)K,

where f is a function of the lapse a.. Determine f(a). [You may use that g = —a?7].
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a) Briefly describe the diffeomorphism invariance of general relativity (formulas need not
be given). What is a spacetime in mathematical terms?

b) Let M be a manifold with coordinate chart (z*), metric g,, and a connection I'j,
which need not be the Levi-Civita connection. The torsion tensor is defined as

A A A
T = FW - Fw.
We furthermore define the tensor
N, ura — vag;u/ )

where V denotes the covariant derivative associated with I'},. The Christoffel symbols
are defined as

1

S,ﬁu = §gpa (augua + auga,u - aag;w) .

(i) By expanding the covariant derivative V,g,, of the metric, show that
Fﬁl/ = Szy - K,uup + W;wpa

where

K,m/p = _T,pr - pr =+ Tp/u/ )

W/wp = (Nuvp - vau - pr) :

N —

(ii) Briefly interprete the result.
(iii) Let p € M. The exponential map is defined as

G:E(M)%M7 XPHQ7
where ¢ is the point a unit affine parameter distance from p along the geodesic through p

with tangent X, in p. Show that the vector Y, :=t X,,, t € [0, 1] is mapped under e to the
point at affine parameter distance ¢ from p along the same geodesic.

(iv) Show that at the point p in normal coordinates constructed at p

1 1
Spy + W — §TAW - §T/\W =0.
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