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(i) State two equivalent forms of the Lusternik–Shnirelman–Borsuk theorem.

(ii) For n = 2k + d > 2k > 2 define the Kneser graph KG(n, k). Deduce from (i) the
theorem of Lovász that the chromatic number of KG(n, k) is d+ 2.

(iii) Give an entirely combinatorial proof of the fact that χ
(

KG(n, 2)
)

= n− 2 for n > 4.
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LetX = (X1, . . . ,Xn) be a sequence of random variables taking finitely many values.
For A ⊂ [n] set XA = (Xi)i∈A and let H(XA) be the information theoretic entropy of XA.

(i) Show that the map P(n) → R, A 7→ H(XA), is a submodular function on P(n).

(ii) Let A and B be finite multisets of subsets of [n] with A > B, i.e. with B a compression
of A. Show that

∑

A∈A

H(XA) >
∑

B∈B

H(XB).

(iii) Let F be a family of graphs on [n] such that if F,G ∈ F then the graph F ∩ G has
no isolated vertices. Show that

|F| 6 2n
2/2−n.
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Let Gn,1/2 be the random graph on [n] with edge probability 1/2. Prove the following
assertions.

(i) Whp we have χ
(

Gn,p

)

> n/(2 log2 n).

(ii) Let Xr = Xr(Gn,p) be the number ofKr subgraphs in Gn,1/2, and let r0 be the maximal
r such that

E
(

Xr(Gn,1/2)
)

> n9/5.

Then r0 =
(

2 + o(1)
)

log2 n.

(iii) Whp we have χ
(

Gn,p

)

=
(

1 + o(1)
)

n/(2 log2 n).

State precisely the martingale inequalities you use.
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The multiplicative energy E(A,B) of two non-trivial finite sets of positive reals, A
and B, is the cardinality of the set

{(a, b, c, d) ∈ A×B ×A×B : a/b = c/d}.

Show that

E(A,B) >
|A|2 |B|2

|A ·B|

and deduce that
|A|2|B|2

4⌈log |B|⌉
6 |A · B||A+A||B +B|.
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