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Let u(x, t) satisfy the PDE

ut = uxx + αux, 0 < x < ∞, 0 < t < T,

u(x, 0) = u0(x), 0 < x < ∞,

u(0, t) = g0(t), 0 < t < T,

where α and T are given positive constants, u0(x), g0(t) are given functions with sufficient
smoothness, u0 has sufficient decay as x → ∞, and u0(0) = g0(0).

(i) Rewrite the above PDE as a one parameter family of divergence forms and derive
the associated global relation.

(ii) Derive an integral representation for u(x, t) in the complex Fourier plane involving
appropriate transforms of u0, g0 and ux(0, t) (the Jordan lemma can be used without
proof).

(iii) Use the global relation to eliminate the transform of the unknown function ux(0, t),
and hence obtain a solution of the above initial boundary value problem.

(iv) Prove that the expression for u(x, t) obtained in (iii) satisfies the above PDE and
the given initial and boundary conditions.

Can the above problem be solved via the classical sine transform?
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Assuming the validity of the Poincare lemma

∫

∂D

F =

∫

D

dF, (1)

where F is a one-form and D is an appropriate domain with regular boundary ∂D,
implement the following:

(i) Derive the Pompeiu formula.

(ii) By employing the spectral analysis of the equation

∂F (z, z, k, k)

∂z
− kF (z, z, k, k) = q(z, z), z ∈ C, k ∈ C, (2)

derive the two-dimensional Fourier transform pair.

(iii) Sketch, without giving all the mathematical details, the steps needed in order to
derive the attenuated Radon transform, via the spectral analysis of

1

2

(

k +
1

k

)

∂F (x1, x2, k)

∂x1
+

1

2i

(

k −
1

k

)

∂F (x1, x2, k)

∂x2
− µ(x1, x2)F (x1, x2, k)

= f(x1, x2), (x1, x2) ∈ R
2, k ∈ C.
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(i) Show that u(z, z) satisfies the modified Helmholtz equation

∂2u(z, z)

∂z∂z
− β2u(z, z) = 0, β > 0, z ∈ C, (1)

iff dW = 0, where

W (z, z, λ) = e−iβ(λz− z

λ
)

[(

∂u

∂z
+ iβλu

)

dz−

(

∂u

∂z
+

βu

iλ

)

dz

]

, λ ∈ C\{0}.

(ii) Let Ω be the interior of a polygon with corners {zj}
N
j=1, indexed counter-clockwise

modulo n. Let Sj denote the side parameterized by

z(s) = mj + shj , −1 < s < 1, j = 1, ..., n,

where mj is the midpoint of the side. Show that

n
∑

j=1

∫ 1

−1
Wj(s, λ)ds = 0,

where an expression of Wj must be derived.

(iii) Let z1, ..., z4 be given by

z1 = (1, i), z2 = (1,−i), z3 = (−1,−i), z4 = (−1, i).

Compute W1, where S1 denotes the side (1, i), (1,−i).

Discuss in words without giving mathematical details, the steps needed for obtaining
numerically the 4 unknown Neumann boundary values in terms of the given Dirichlet data.
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