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Define the convolution * between D(R™) and D'(R™). Show that if ¢,9 € D(R")
and u € D'(R™) then

(ux ) xth=ux(px1h).
If u,v € D'(R™), one of which has compact support, show that

(uxv)xp:=ux(vxp), ¢ecDR")

defines a unique element of D'(R™) and that u v = v * u.

Suppose now that « and v both have compact support. Define the space of tempered
distributions and the distributional Fourier transform. Explain why both v and v define
tempered distributions and prove that

(w v (\) = a(N)(N).

[You may assume that if u has compact support then a(\) = (u(x), e ) ]

Consider the distribution u, € D'(R?) defined by the surface element on the sphere
of radius a > 0, so that

(o) = a® [ plaz)don, o DR
5’2
where doy = sinfdf d¢ is the surface element on the unit sphere S? C R? in spherical
polars (z1,z2,2x3) = (rcos ¢sinf, rsin ¢sin b, r cos §). Show that

R 4drasin (|A|a
AOEELLT)

Hence, show that

2rab|z|™!, |a—b] <|z| <a+b,
0, otherwise.

(ug * up)(z) = {

[You may find it useful to use the following: for a,b,c > 0

R .. . .
8 lim sin(ar) sin(br) sin(cr) .
T R—oo Jg r

=sgn(a+b—c)+sgn(b—a+c)—sgn(b—a—c)—sgn(a+b+c).
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Show that if u € & (R™) then 4(\) = (u(z),e ) and that this function can be
extended to an entire function of z € C". If supp(u) is contained inside the closed ball
{z € R™: |z| < ¢} establish the estimate

[a(2)] S (1+ |2 M

for all z € C™ and some N > 0.

Now let U(z) be a complex valued, entire function of z € C". Suppose that U obeys

an estimate of the form .
€YU (2)] S (14 |2])N elim]

for some N > 0 and some fixed y € R". Prove that U is the Fourier transform of a
distribution supported in {x € R" : |z — y| < §}.

Consider the initial value problem

1 9*°E n
L
E=f %—tzo when t =0

where f € £&'(R™) has support contained in {z € R" : [z — y| < §}. By treating ¢ as a
parameter, i.e. F(z,t) = E(z), show that for each ¢ > 0 the support of E(-,t) is contained

in the set
{r e R": |z —y| <+ ||t}

Let Py be an Nth order polynomial in A = (Aq,...,A,). What does it mean to say
that Py (D) is elliptic? Show that if Py is elliptic then [Py (X)| = (A)" for |A| sufficiently
large.

Let X C R"™ be open. Define the Sobolov space H*(R™) and local Sobolev space
H; (X). Prove that if v € D'(R") has compact support then u belongs to a Sobolev
space of sufficiently negative index.

Consider the linear differential operator with non-constant coefficients

L=Py(D)+ Y falx)D"

lo| <N

(X) thenu € HETNV(X).

loc

where each f, € C°°(X). Show that if Py is elliptic and Lu € H;
Deduce that all solutions to Lu = 0 in X are smooth.
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