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Define the 4 x 4 matrix B to be one which transforms the Dirac matrices as follows
" -0
BBl — { oo
! =" u#0

Given v° = —iy%y'42~3, show that By>*B~1 =45,

Consider a Dirac field ¥ which can be written as an integral over plane wave solutions
bla) = Y P p)eT " + at(p)or (p)e” |
p,s
where Zp = f ﬁg‘%@. Show that the time-reversal transformation maps 1 and 1 as
follows:

Ty(z)T~! = Bi(ar)

TP(x)T~" = P(ar)B~
where pr = (p°, —p) and o7 = (—2°,Z). (For simplicity let us assume intrinsic phases
nr = 1 throughout this problem.) You may use without proof
—su—s*(pT) — —’YSCUS(]?)
S0 (pr) = —PCv(p).

You should have obtained a relation between B and C'. Use this and the defining
property of B stated at the start of this problem to show that

07“T0_1 = M

where v#T" is the transpose of y*.

Consider the decay of a neutron n to a proton p: n — pe™ I, treating the neutron
and proton (as well as the electron and anti-neutrino) as Dirac fields. Given that the
effective interaction mediating this decay is

Gr

_ T
£[ = _ﬁJlept,ngn + h.C.,
with Jl’épt = Uy*(1—~2)e and Jhy = py*(g9v + gay®)n, derive a condition which ga /gy

must satisfy if this interaction is to be invariant under time-reversal.
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The electroweak theory of the Standard Model consists of an SU(2);, x U(1)y gauge
theory which undergoes spontaneous symmetry breaking via the Higgs mechanism. Let
Wi (a=1,2,3) be the SU(2), gauge bosons with coupling g and B, be the U(1)y gauge
boson with coupling ¢’. The scalar field ¢ transforms as a doublet under SU(2)r, has
hypercharge %, and has a Lagrangian of the form

L= (Duo) (Do) — p?l* = A" (A>0).
Explicitly write down the terms arising from covariant differentiation of ¢, i.e. from D,,¢.

Show that mass terms for 3 out of 4 gauge bosons are generated if the scalar field
acquires a nonzero vacuum expectation value. Be clear about the relation between the
original fields (W}, B,,) and the ones after symmetry breaking, (W/jt, Zﬂ, Ay).

Show how the electroweak theory includes the electron e and electron neutrino
Ve. In particular, write down gauge-invariant terms in the electroweak Lagrangian which
contain the coupling of these fermions to the gauge bosons and others which contain the
fermion-scalar interactions. How does the latter lead to a nonzero electron mass?
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Consider the weak semileptonic decay
K% — 7r+e_176

where K9 and 7t are pseudoscalar mesons. Assume this decay proceeds due to the
interaction

G

s F oot

E?/V - _\/Q'Jlept,p']{llad + hec.

with Jfépt = ey*(1 —15)e and JL ;= Visuy*(1 —~°)s . [Ignore K — K° mixing]

Explain why the following 2 equalities hold
(7 (k) [ur" (1 = 7°)s|K°(p)) = (w* (K)|an"s|K°(p))
= (0 + k)" fr(@®) + (= K" f-(4)
where ¢ = p — k and f,(¢?) and f_(¢?) are scalar (dimensionless) functions of ¢.

Treating the electron and anti-neutrino as massless, derive the invariant scattering
amplitude M. In preparation to calculate the decay rate I'(K° — 7te~ ), find and
justify an expression for M which is proportional to fy(g?) (i.e. has no f_(g?) term).

Show that the decay rate I'(K® — 7te~1,) for this process can be written as an
integral over pion momentum

d°k
K0

where A is a dimensionful constant which you should determine.

A [(p-@)* — mE] | f+(®))

By working in the K rest frame, or otherwise, show that the decay rate can be
expressed as

b
P =B [a?N )P

where the kinematic variable X is defined as

A= (32 +my +m2 —2¢°m% — 2¢°m2 — 2m3im? .
You should determine the dimensionful constant B and the limits of integration a and b.

[You may use without proof the following:

. 1 / d3k d3q1 d3C]Q
- 2mg J (2m)32k0 (27)32¢0 (27)324)

r 2r)* W (p —k —q1 — o) Z IM|?

spins

T\r7a757775 — 4(gaﬁg7—6 o gom-gﬁé + gaégﬂﬂ-)
T‘r’}/a’}/ﬁ’}ﬁ’}/é’}/g) — 4Z~€aﬁ75
g1 gy m 77
WW 5(4)(62 —q1— Q2) qiuq2v = gQ}LQV + Eg,uuQ2
diﬂh din 5@
@1l 13|

(Q—q1—¢q2) = 21 ]
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Renormalized coupling constants g;(u) (i = 1,2, 3) generally depend on a renormal-
ization scale u. For small values of the couplings, the scale dependence can be written to
one-loop order as

d
Hap 9 = big; +0(g7) .-
What are the consequences of b; being positive vs. negative?

For a; = g?/4m, derive an expression relating «;(mz) to a;(p). (myz is the mass of
the Z boson.)

Let a1, a9, and ag be the coupling constants of the respective Standard Model
gauge groups U(1)y, SU(2)r, and SU(3).. Suppose there exists a scale Mgyr > myz at
which the following holds:

5
§041(MGUT) = ax(Mgur) = as(Mgur) -

Show that this implies

_ . b3 —by |3 _ _
az'(mz) = a3'(mz) + g,—- |51 (mz) — a3’ (m2)
5

Now let us work to another order, considering a single coupling «. Define a = «/4.

Given
d

H——a = _/Boa2 _/Bla?)?
dp
show that 3
—1(,) = L It K
a " (p) —BologA + 5o loglogA + O(l/log A)

for a suitable choice of A.
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