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1

What is meant by a Heegaard splitting of a 3-manifold Y ? Given a triangulation of
a closed, connected, orientable 3-manifold Y , explain how to find a Heegaard splitting.

Let K be a null-homologous knot in an oriented 3-manifold Y . What is meant by
p/q Dehn surgery on Y ? If Y is obtained by integral Dehn surgery on a link L ⊂ S3, show
that Y is the boundary of a compact orientable 4-manifold. Deduce that if Y is obtained
by an arbitrary Dehn surgery on a link L ⊂ S3, then it bounds a compact orientable
4-manifold.

2

Let γ be a simple closed curve on a closed oriented surface S. What is meant by
the right-handed Dehn twist τγ? Express the action of (τγ)∗ : H1(S) → H1(S) in terms of
[γ].

Determine whether the following statements are true or false. Justify your answers.

1. Any element of MCG+(T 2) is a composition of positive Dehn twists. [Hint:
Consider (τℓτm)6.]

2. Let L ⊂ S1 × S be a link each of whose components have the form Li = pi × γi,
where γi is a simple closed curve on S and pi is a point in S1. Let ℓi = p′i × γi be a
longitude for Li. Then the manifold obtained by doing +1 surgery (with respect to
this choice of longitude) on each component of Li fibres over S

1.
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3

Suppose L ⊂ S3 is the oriented link shown the figure below. Write X = S3 − ν(L),
and let m1 and ℓ1 be the standard meridian and longitude for L1. If K ⊂ S3 has meridian
m and longitude ℓ, let Y = (S3 − ν(K)) ∪T 2 X, where we identify m1 with ℓ and ℓ1 with
m.

Show that Y is the complement of a knot C(K) ⊂ S3.

Express the Alexander polynomial ∆(C(K)) in terms of ∆(K).

4

Let Y be a compact orientable 3-manifold whose boundary is a union of tori. Define
the Thurston norm ‖ · ‖ on H2(Y, ∂Y ).

If Y is closed and connected, can any class x ∈ H2(Y ) be represented by an
embedded connected surface S ⊂ Y ? Justify your answer.

Now suppose X is a closed 3-manifold with H∗(X) ∼= H∗(S
3), that K ⊂ X is a

knot, and that Y = X − ν(K). Let Z be the manifold obtained by doing 0-framed Dehn
surgery on K. Suppose y generates H2(Y, ∂Y ), and that z generates H2(Z). Show that if
‖y‖ > 0, then ‖z‖ 6 ‖y‖ − 1. Give an example where the inequality is strict. (Hint: take
Z = S1 × S2.)
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1. Let Y be the 3-manifold represented by the generalized Heegaard diagram below.
Explain why Y = S3 − ν(L) for some link L. Find a presentation for π1(Y ).

2. Let Ỹ be the universal abelian cover of Y . Describe Ccell
∗

(Ỹ ) as a chain complex
over R = Z[H1(Y )]. Compute ∆(L).

For the rest of the problem, you may take as given that L is the link shown below.

3. What is the dual Thurston polytope BT (Y )? Find embedded surfaces S1, . . . , Sn ⊂
Y such that BT (Y ) is cut out by the equations

|α · Si| 6 c(Si)(i = 1. . . . , n).

4. Using your answer to part 2, compute ∆(L(n)), where L(n) is the two component
link shown below.
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5. Let Z be the manifold obtained by doing 1/2 surgery on L1, 1/3 surgery on L2, and
1/5 surgery on L3. What is H1(Z)? Identify the manifold obtained by doing −1
surgery on L1, 0 surgery on L2, and +5 surgery on L3.

5. Let Y be the manifold obtained by doing 1/2 surgery on L1, 1/3 surgery on L2, and
1/5 surgery on L3. What is H1(Y )? Identify the manifold obtained by doing −1
surgery on L1, 0 surgery on L2, and +5 surgery on L3.
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