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SECTION A

1

(a) State the Kakeya maximal conjecture. State the Kakeya conjecture for
Minkowski dimension. Prove one implies the other.

(b) Prove the Kakeya maximal conjecture in two dimensions. You may use without
proof a fact about the area of intersection of two rectangles.

2

(a) Let µ be a finite measure defined on subsets of R2 with the property that

|d̂µ(ξ)| .
1

1 + |ξ|1+ǫ

for some ǫ > 0 and every ξ ∈ R2. Prove

||f̂ dµ||L2(R2) . ||f ||L∞(µ)

for every f ∈ L∞(µ).

(b) Let δ > 0 be a small number, and C > 1 sufficiently large. Let ψ : S1 → R be a
smooth nonnegative function with ψ(cos(θ), sin(θ)) = 1 for |θ| 6 δ

C
and ψ(cos(θ), sin(θ)) =

0 for |θ| > 2δ
C
. Let σ be normalized measure on the unit circle. Prove

|ψ̂dσ(ξ)| & δ

for ξ ∈ [− 1
δ2
, 1
δ2
]× [−1

δ
, 1
δ
] .

(c) Assume

||f̂ dσ||Lp(R2) . ||f ||Lp(σ)

for a fixed p and for all f ∈ Lp(σ). Suppose R is a collection of 1
δ2

× 1
δ
rectangles whose

angles with the x-axis differ by at least δ. Explain how to prove the inequality

∫ (∑

R∈R

1R

) p

2

. δ4−p
∑

R∈R

|R|

with an estimate like the one in part (b) above.
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SECTION B

3

Let p > 1010 be a prime number and let Fp be the field with p elements. Suppose
N ⊆ Fn

p has the property that for all x ∈ Fn
p , there exists a line l ∋ x such that

#(l ∩ N) > p
100 . Prove #N & pn. You may use the Schwartz–Zippel lemma without

proof.

4

State and prove the joints conjecture.
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