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(a) Find an asymptotic expansion for the roots x,, of the equation
tanx = px
with both x and u real, and x, — 0co. Your expansion should include the first term that
depends on p.
What restriction, if any, must be placed on p for validity of the expansion?

(b) Explain briefly the class of (real) integrals appropriate for use of (i) Watson’s
lemma and (ii) Laplace’s method. Use Laplace’s method to find two terms of an
asymptotic expansion for the Gamma Function

[(z) = / e it lat
0

in the limit x — oo.

It

In:/ s2ne=5"/2(s

then Iy = V27 and I, = 2n — 1)[,—1, n=1,2,.... ]

Explain briefly what is meant by the method of multiple scales.

(a) Two oscillators z(t), y(t) are weakly coupled so that for small e,

f+z+elar+ay) =

0,
gj+n2y+6:py = 0,
and z(0) = X, #(0) =0, y(0) =Y, (0) = 0.

Suppose that n = 2. Use the method of multiple scales to find leading order
solutions for z(t) and y(t¢), and specify the range of ¢ for which they are valid. Under
what circumstances do oscillations grow?

Suppose instead that n = 1. On what timescale could oscillations of the system
grow? [Full solutions for x(t) and y(t) are not required in this case.]

(b) Derive the leading order solution of the WKB equation
y' +ky=0,

where k depends on ex and € — 0. Specify restrictions on its validity.
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Consider the equation

d?y

dy
2
“da?

+(1+2) a—&—y:() with  y(0) =y(1)=1.

Find the first two nonzero terms in the inner and outer expansions in the limit ¢ — 0.
Determine a uniformly-valid approximation to y which is correct up to and including O(e).

Describe briefly how you would determine the asymptotic solution of :

(i)

d%y 2 dy ;
6@_(1+$) i tu=0 with  y(0) =y(1) =1;
(ii)
d?y 2 dy :
6@4—(14—%) a+y_0 with  y(-1) =y(1) =1;
(i)
d?y  dy :
6@%-16@4'9—0 with  y(=1) =y(1) =1.

In each case you should state the location and size of each asymptotic region, but further
detailed calculations of the expansions are not required.
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(a) Consider the fourth-order equation

0 0? o4

a—?+aa—;g+ﬁa—;}+’m:0,
where «, 3,7 are nonzero real constants. By considering solutions which are proportional
to exp(—iwt + ikx), derive a condition on § for the system to possess a finite maximum
temporal growth rate over all real k, and explain why this is important for application of
the Briggs-Bers technique. Determine necessary conditions for the occurrence of absolute
instability. Why are these conditions not sufficient?

(b) In the following, the Fourier transform is defined to be
f) = [~ esp(-iko) @)

and you are given that the Fourier transform of H(z)x® is

exp|—im(a + 1)sgn(k)/2]a!

e for a>-1.

Find the first two non-zero terms (if they exist) in the large-k expansion of the
Fourier transforms of the following functions:

(i)
1 .
1+ |z|3’

1423
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