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A binary system consists of two stars of masses M1 and M2, total mass M , in
a circular orbit of separation a. Show that the total orbital angular momentum has
magnitude

Jorb =
M1M2

M

√
GMa.

In a simple model for the formation of a binary star, a spherical gas cloud of
total mass M , instantaneous radius R, moment of inertia αMR2 and angular momentum
J collapses homologously, rotating as a solid body and conserving angular momentum.
Show that the ratio of centrifugal force to gravitational force for any fluid element varies
proportional to 1/R, where R is the radius of the cloud.

Collapse continues in this way until the centrifugal force at the equator balances
the gravitational force there. At this point the cloud, then of radius Rcrit, fissions into
two equal mass spheres, each homologous to their parent. Assume that total angular
momentum is conserved, that all material remains in corotation during this fission process
and that, immediately afterwards, the two spheres are touching one another, in orbit about
the centre of mass. Find the necessary condition on α for the orbital separation a to be
less than Rcrit.

The two daughter spheres then collapse further homologously, at constant separa-
tion, until they are again spinning so that the centrifugal force at the equator balances the
gravity of the star there. At this point they fission again in an exactly analogous manner
to produce four granddaughters orbiting one another in pairs separated by a′. Show that

a′

a
=

2α2

(1 + α)2
.

Comment on the viability of this model for the formation of multiple star systems.
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A binary star consists of two point-like objects of masses M1 and M2 in an elliptical
orbit with semi-major axis a and eccentricity e. From Newton’s law of gravity show that
the separation of the stars rrr, evolves according to

r̈̈r̈r = −GM

r3
rrr,

where M = M1 +M2 and r = |rrr|.
In the absence of any perturbation show that the orbital energy E, angular

momentum JJJ and eccentricity e remain constant.

Show that at xxx, far from the centre of mass of the binary star, its combined
gravitational potential can be expanded to second order in its separation rrr as

φ(xxx) = −GM

x
−Gqij lij(xxx),

where
qij =

µ

2
(3rirj − r2δij),

lij(xxx) =
3xixj − x2δij

3x5
,

µ = M1M2/M , r = |rrr| and x = |xxx|.
In the weak field limit for general relativity

Ė = − 4G

45c5
d3qij
dt3

d3qij
dt3

.

Show that, instantaneously,

Ė = −32G3M2µ2

5c5r4

(

ṙ · ṙṙ · ṙṙ · ṙ − 11

12
ṙ2
)

,

where ṙ = dr/dt.

Explain why a circular orbit is expected to remain circular and show that, for such
an orbit of separation a,

ȧ

a
= −64G3M2µ

5c5a4
.

Comment on the consequences for the evolution of close binary stars.
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A cataclysmic variable consists of a white dwarf of mass M1 and a low-mass main-
sequence star of mass M2 in a circular orbit with separation a. The main-sequence star
is filling its Roche lobe, of radius RL, and transferring mass to the white dwarf at a rate
Ṁ1 = −Ṁ2. The mass ratio q = M2/M1 < 1. The hydrostatic and thermal equilibrium
radius of the main-sequence star can be approximated by

R2

R⊙

=
M2

M⊙

while, for a suitable range of mass ratios, the Roche-lobe radius RL obeys

RL

a
= 0.46

(

M2

M

)
1

3

,

where M = M1 +M2. Show that the period P of the binary is given by

P

P0

=
M2

M⊙

for some constant P0.

Neglecting spin angular momentum find ṘL/RL as a function of Ṁ2/M2 when J̇ = 0
and compare it with Ṙ2/R2. Why would the mass transfer be dynamically unstable if
q > 4/3?

Describe briefly the mechanisms that can lead to angular momentum loss J̇ < 0
and maintain mass transfer if q < 4/3.

In a classical nova, once a layer of hydrogen-rich material of mass δm ≈ 10−4

has accumulated on the surface of the white dwarf thermonuclear reactions ignite in the
degenerate material. These expel the entire layer of mass δm isotropically from the system
in the nova explosion over a time that is very short compared with the mass transfer
timescale. Assume that the orbit remains circular and show that the change in separation
δa/a = δm/M and that the change in Roche lobe radius δRL/RL = 4δm/3M to first order
in δm/M .

Deduce that the mass transfer ceases. Assuming that there is a constant rate of
angular momentum loss −J̇ until mass transfer is resumed and that this rate remains the
same until the next nova explosion show, again to first order in δm/M , that the ratio of
the time spent detached td, during this interruption, to the time spent semi-detached ts,
while the hydrogen-rich layer is accumulating, is

td
ts

=
2q

(4− 3q)(1 + q)
.

END OF PAPER

Part III, Paper 56


