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What does it mean for a finite-dimensional C-algebra A to be semisimple? Assume
A is semisimple. State and prove the Artin-Wedderburn theorem for A [basic facts about
such algebras may be assumed, provided they are clearly stated.]

Deduce the following results:
(a) Let B be any finite-dimensional C-algebra and let S be a B-module. Show that
the structural algebra homomorphism B —Endc(S) defined by

a— (s as)

is surjective if and only if S is an irreducible B-module.

(b) Let C' = CG, the ordinary group algebra of a finite group. Prove that the number
of isomorphism classes of irreducible C-modules is equal to the number of conjugacy classes
in G. [You may assume the result that the centre Z(C) of C is free as a C-module with
rank equal to the number of conjugacy classes in G.|

Let m € N. Given = = (21,...,2,) € C™ and /1, ... 4, € Z, define |2°,... ztm|.
Define also the ith power sum s;(z) for ¢ € N. Given a conjugacy class for S,, show that,
in the usual notation,

sP L sl ] = Zw,\(aﬂxél,... ,xbm|
where the sum is taken over all partitions A of n into at most m parts, and w) are certain
class functions to be explicitly defined.

Assume now that wy = x*, the character of the Specht module indexed by .

(a) Use the above character formula to compute x21 for the conjugacy class of
transpositions in S3. Check that this is the same as the value yy(12), where V is the
standard representation V' = {(z1, z2, x3) : 1 + 22 + 23 = 0} with character xy .

(b) Let A be a partition of n. Let M?* be the permutation module on cosets of
Young subgroups of S,,. Let o lie in the conjugacy class indexed by u and let m, be the
multiplicity with which the integer ¢ occurs in u. By considering the polynomial

n
pﬂ(l‘l,...,xn) = H(m({ + e gd)Ma
q=1

or otherwise, find an expression for the value of the character of M* on elements lying in
the class indexed by pu.
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Let t) be a A\-tableau. Define the Young symmetrizer h(ty). If V' is an m-dimensional
vector space and n € N, write down the actions of S, and GL(V') on the tensor space V®"
and show that they commute. Prove there is a decomposition

Ve = P nt)ver,

where the sum is over all partitions of n and standard ¢, [combinatorial properties of
Young symmetrizers can be assumed, as can a certain decomposition of CS,,, provided
they are clearly stated.]

Show that the non-zero modules of the form h)\V®" for A running through the
partitions of n are the non-isomorphic irreducible CGL(V)-modules [standard results
about the Schur algebra may be quoted].

State conditions on A for the modules hyV®™ to be non-zero.

What does it mean to say that a finite-dimensional CGL(V)-module is rational?
Write down the 1l-dimensional rational representations of C* =GL;(C). Hence, or
otherwise, prove that every 1-dimensional rational representation of GL(V) is of the form
det” :GL(V) —GL; where r € Z [if you wish, you may assume that the diagonalisable
matrices are Zariski-dense in GLy,.]

Finally show that every rational representation p of CSL(V') is completely reducible
and that p is the restriction of a rational representation p’ of CGL(V'), and p is irreducible
if and only if p is irreducible.
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Let V be an m-dimensional vector space over C. For the m-tuple A = (A1,..., \;n) €
Z™ with Ay > --- > A, denote the character of Dy, ... y,.(V) by ¢x. Show that such
modules are a complete set of the non-isomorphic irreducible rational CGL(V')-modules.

Show also that if £ € End(V') then ¢, (§) is a symmetric function of the eigenvalues
of &.

Assuming Weyl’s character formula, state and prove a formula for the degree, degg,,
of ¢y. Deduce that if two rational CGL(V')-modules have the same character then they
are isomorphic.

Finally show that each polynomial representation of GL(V') occurs exactly once in
in the symmetric power
P (verv).
J

[For the final part you may assume an identity of Schur:

m

H(l —z;) L. H (1- mi:cj)_l = ZS)\(IL‘l, ey Tm)
A

i=1 1<i<j<m

where sy(x) is the Schur polynomial.|
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Define the terms hook, hook length and hook graph.

Let \=(\ = -+ > A\, 2 0), and set £; = \; +m — i, a S-set for A\. State the
hook-length formula for the dimension of the Specht module. Show that the hook-length
formula is equivalent to the formula

Hi<j (Ei - fj)

e
e NN A 1)

Show that fy = >, JOdr i1, Am)> Where fo,  x._1..x,,) is defined to be zero
if the sequence is not weakly decreasing, i.e. if A\; = A;;1. Deduce an inductive proof of the
hook-length formula by showing that if F'(¢1,...,¢,,) is the expression on the right-hand
side of (1), then

F(ly,. o lm) = F(ly, o li =1, )
=1

Show that this is equivalent to the formula

m

nAly, ... ) :Z&--A(El,...,&—l,...,ﬁm),
i=1

where we write A(¢1,..., 6y,) for [],_;(¢; — £;). Deduce this formula from the identity

m

Z:CiA(:cl,...7xi+t7...,xm):(331+“‘+xm+ <7;>t)-A(x1,...,xm).

i=1
Prove this identity.
Finally deduce the identity, that for any m > 2,

2
> i =
61‘262‘2 A2
where the sum is over all m-tuples f1,...,¢, of non-negative integers whose sum is

(m+1)m/2.

END OF PAPER
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