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SECTION A
1
Write T = R/Z. If f € C(T) is a function, we define
N ~ ..
Sx(f.t) = 3 fjeri
j=—N
and
: =yl
Sn(f,t) = Z (1- N)f(j)e%”t.
j=—N

Write S*(f,t) = supy |Sn(f,t)| and S*(f,t) = supy |Sn(f,1)].
1. Show that if ||f]lee < 1 then S*(f,t) < C, where C is an absolute constant
independent of f and t.

2. Show by contrast that for every open set £ C T of measure § there is a function
f € C(T) with ||f]lcc < 1, but such that S*(f,t) > ¥(9) for all t € E, where
1 : R — R is a function tending to oo as § — 0.
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ny CR/Z. Let 0,0 < 9§ < %, be a small parameter.
Define f = ¢ * 1, where ¢ = 1[%_5’%“] and ¢ = %1[_575]. Explain why Sy, the number of

n < N for which 3 < u, < 2, is at most Y onen f(un).

Consider a sequence (uy,)Y

By considering the Fourier expansion of f, prove that for any choice of M > 1 we
have

N N ,
S ——<05N A M 2mikun ,
v SOON G gy + M o 13 )

where C is an absolute constant independent of N, f and J.

Briefly justify why it is valid to expand f as a Fourier series (you may assume that,
if all Fourier coefficients of a continuous function are zero, then that function is zero).

By considering the factorisation (a — bv/2)(a 4+ bv/2) = a? — 2b?, show that the
fractional part of by/2 is at least ¢/|b|, for some absolute constant ¢ > 0.

Hence show that when u,, = nv/2 for all n we have

&—%<UWQ

where C’ is another absolute constant.
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SECTION B
3
Let a > 0 and let k € N. Show that, for sufficiently large IV, any set A C {1,..., N}
with |A| > aN contains distinct @1, ...,z such that the average 1 (z1 +- -+ +zy) also lies
in A.
4

Suppose that n > 2 and that f : Fy — {0,1} is a boolean function. What is meant
by the influence I (f), where 1 <k < n?

Determine [;(f) when
f(@r, .. xp) =220 + -+ + T2y = Zﬂﬁzl‘y
i<j
Give an example, without proof, of a function for which P(f = 0),P(f =1) > i such that
I.(f) < 100log n/n for all k.

Show that for every boolean function f with P(f = 0),P(f = 1) > 1 there is some
k such that Ii(f) > logn/100n.

[You may assume Beckner’s inequality without proof provided you state it clearly.]
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SECTION C

Show that there is a compact subset of the plane containing a unit line segment in
every direction, yet having measure zero. Discuss Fefferman’s counterexample to the ball
multiplier conjecture in R?, giving an overview of the argument and at least some of the
more interesting technical details.

What is meant by the statement that a boolean function f : F3 — {0,1} may be
computed using a circuit of depth d and size M7 State the Hastad switching lemma.
Give an overview of the proof of the following result due to Linial, Mansour and Nisan,
including at least some of the more interesting technical details: if f : F§ — {0,1} is a
boolean function computed using a circuit of depth d and size M then

A s /d
ST < om2t

[r|>t

where |r| denotes the number of nonzero entries of r (or, equivalently, the Hamming
distance of r from 0) and ¢, C' > 0 are absolute constants.
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