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Alice and Bob (located at xa and xp respectively) share a maximally entangled

state |®1)g,a, = %(! )| T)ds + | Ladar| 42)d,) of two spin-3 particles dy and dp. In

addition they hold spin—% particles A and B prepared in advance by a third party in an
unknown state 1)) a4p. (In the following it is assumed that Alice and Bob each complete
their local operations and measurements during time At < L/c, where L = |xa — xp|.)

()

(b)

Describe an explicit protocol which will allow Alice and Bob to perform an instanta-
neous non-demolition verification that |¢)) 4p is a state of zero total spin.

Write down the product eigenstates and eigenvalues of the operator

(c2 @18 + 11 @ oBYmod 4 (1)

and use the result obtained in (a) to show how to perform an instantaneous non-
demolition measurement of (1).

Hence suggest a procedure to perform an instantaneous non-demolition measurement
of the Bell-operator, i.e. show how the four Bell-states |®%)4p, |[¥*)ap can be
distinguished with certainty without being disturbed. [You may assume that Alice
and Bob share two maximally entangled states of the type |®7)4,4, as a resource.]

Consider an operator on the tensor product H 4 ® Hp with the following eigenstates

® ‘ TZ>B

® ‘ \l/Z>B
® (cosb| 1,)p +sinf| |.)p)
® (sinf| 1,)p —cosb| |.)B),

)

Vo) aB =1]12)a

[Y3)aB =11:)a
)

[Va)aB =11:)a

\/\/\/\/

where 0 < 0 < /4.

Show that the possibility of an instantaneous non-demolition measurement of (2)
would contradict relativistic causality unless 8 = 0. Is there a simple way to perform
such a measurement in the latter case? Comment on your result.
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(a) Explain briefly what is meant by quantum teleportation of an unknown qubit, stating
clearly what quantum and classical resources are used.

(b) Alice holds a qubit A, which is in an unknown pure entangled state with some external
quantum system. Give an explicit description of the quantum teleportation protocol
of the qubit A from Alice to Bob. Explain what happens with the original correlation
of A as a result.

(c) Let |0),]1),...,|n—1) be an orthonormal basis of an n-dimensional Hilbert space, let
w be a complex n-th root of unity, and define |r) = |r ( mod n) ) for r > n. Show
that the states

1 n—1 - '
|¢rs>AB = % ]Z:;w] |J>A|J + 5>B (1)

of two n-level quantum systems are orthonormal. Using these states, develop a
protocol for teleporting an unknown state in an n-dimensional Hilbert space. [You
may assume that the unknown state is pure. You may find the summation formulae

for w .
ne
1, forn=1,
> W= (2)
0, forn>1,
useful.]

(d) Alice and Bob share a single entangled state |¢gp)ap,. Bob and Clare share a
single entangled state [io0)p,c. Assume that Alice, Bob and Clare can perform
any local operations they wish in their laboratories and are allowed to use classical
communication. They do not share any additional entangled states. Develop a

protocol, which will allow them to create a state |t)gg) ac shared between Alice and
Clare. You may use the result obtained in (c).
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State EPR’s criterion for identifying an element of physical reality.

Consider an experiment in which two space-like separated parties, Alice and Bob,
perform measurements on their local 2-level systems, which interacted in the past.
We assume that each party may choose between two measurement settings a, a’
and b, b’ respectively. Each measurement yields an outcome 1. The experiment
is characterised by the expectation values E(a,b), E(a,b’), E(d’,b), and E(a’,’) of the
product of the outcomes of local measurements. Explain how the criterion described
in (a) leads to the assumption of a local hidden variables (LHV) model for such an
experiment and explain its meaning. Under this assumption derive the CHSH-Bell
inequality

| E(a,b) — E(a,b) | +| E(d,b) + E(d, V') | < 2. (1)

Now assume that the systems held by Alice and Bob are Spin-% particles in the joint
state

plodan = (5 +2 ) yer |+ (5 —a) [oyer] )

where |<I>i> are corresponding Bell-states and 0 < =z < % Show that the correlations
in p(0)ap can be simulated by a trivial LHV model. Hence, without performing
calculations, deduce that p(0)4p will not violate CHSH inequality. Explain.

Find the range of values of z, for which the correlations in p(z)4p do not admit LHV
description. Comment on your result. [You may use the formula for the expectation
value of an operator A for a mixed state p: (A) = Tr(Ap).]
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In the standard von Neumann model of a projective measurement of a 2-level
quantum system the initial product state of the system and the measurement device

|Win)sp = (22-1:0 ci\i>5) ® |0)p is transformed into |Wy)sp = Zg:o ¢ili)sli)p, where
(i|j) = d;j. This transformation is governed by the Hamiltonian of interaction

Hiyy = g(t)% B eI? -0 ol1?) (1501’ -1° © o?), (1)

where g(t) is a time-dependent coupling coefficient, which is non-zero only between times

t1 and to, such that
t2
/ g(t)dt = 1.
t1

Here |0), |1) are eigenstates of o, in the corresponding Hilbert spaces.

(a) Show, via explicit calculation, that the action of H;,; results in a CNOT-transformation
USHOT = 0)0[s @ 17 + [1)(1|s ® o7 (2)
being implemented on S and D, with S as a control and D as a target (assume i = 1).

(b) By changing the basis to the complementary basis |+) = %(|0> +11)) for both S and
D show that (2) is equivalent to the CNOT with the roles of the control and the target

swapped
UsH " = 4)X+p ® I + |-)~[p ® 52,
where ; correspond to Pauli matrices defined in the new basis.

(c) Use the result obtained in (b) to rewrite the interaction Hamiltonian (1) in the
complementary bases.

(d) Hence deduce that (1) also governs the measurement, in which D acts as a measured
system and S as a measurement device. Explain. What will the observable of D
measured in this way be?
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