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Let Q be a domain in R™.

(i) Define what it means for v € L{ () to be the a-th weak derivative of u € L ().

loc loc

(ii) Let u,v € L{ .(€2). Show that v is the a-th weak derivative of u if and only if there
exists a sequence of smooth functions u; on Q such that u; — u in L*(Q’) and
D%uj — v in LY() for all Q' cC Q.

(iii) Let u,v € Wlicl(Q) Show that u+v € VV&)C1 (Q) with weak derivative Du + Dwv.

iv) Let f : R — R be a C! function with supg |f/| < oo and let u € W L1(Q). Show
R loc
that f(u) € Wli’cl (Q) with weak derivative f’(u)Du.

Let 2 be a bounded domain in R™. Consider the uniformly elliptic operator
Lu = D;(a” Dju + b'u) + ¢ Dju + du

for u € W12(Q) and a, b?, ¢/, and d bounded measurable functions on €.

(i) Define what it means for u € W12(Q) to be a weak solution to the Dirichlet problem
Lu=D;f'+ginQ, u= ¢ ondQ
for f,g € L*(Q) and ¢ € W2(Q).

(ii) Suppose [o(—b'D;¢ +d¢) < 0 for all ¢ € Wol’l(Q) with ¢ > 0. State and prove the
weak maximum principle for a weak solution u € WH2(Q) to Lu = 0 in €.

(iii) Show that the Dirichlet problem in Part (i) has at most one solution provided
Jo (=0 Di¢ 4 d¢) < 0 for all ¢ € W, (Q) with ¢ > 0.

(iv) Show by an explicit example that the Dirichlet problem in Part (i) can have more
than one solution when the condition [,(—b"D;¢+d¢) < 0 fails for some ¢ € WO1 Q)
with ¢ > 0.
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Let Q be a domain in R™. Consider the uniformly elliptic operator
Lu= aijDiju +b'Dyu + cu
for u € C%(Q) and a¥, b, c € CO*(Q) for some p € (0,1).
(i) Let f € C%*(Q) and suppose that u € C%(Q) is a solution to Lu = f in Q. Show
that u € C*H(Q).

(ii) Now let a® b ¢, f € C1#(Q2) and suppose that u € C%(Q) is a solution to Lu = f
in Q. Using Part (i), show that u € C3#(1Q).

(iii) Let a¥, b%, ¢, and f be smooth functions on . Use Part (ii) to show that if
u € C?() is a solution to Lu = f in €2, then u is smooth on €.

[You may use without proof any standard result on existence of solutions.]
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Let Q be a bounded domain in R” and let x € (0,1). Let a™/, b, ¢, f € CO*(Q) with
¢ < 0. Consider the elliptic operator Lu = a¥ D;ju + b*D;ju + cu for u € C?(Q).
(i) Define what it means for v € C°(2) to be a subsolution to Lu = f in Q.

(i) Suppose v € C°(Q) is a subsolution and w € C°(Q) is a supersolution to Lu = f in
Q. Show that if v < w on I then v < w in Q.

(iii) Suppose v € C(€) is a subsolution to Lu = f in  and let Bg(xg) CC Q. Define
V € C°Q) such that V = v on Q\ Bgr(zg) and V is the solution to LV = f in
Bpr(zg) with V' =v on dBr(zp). Show that V is a subsolution to Lu = f in Q.

(iv) Let ¢ € C%(99). For x € €, let
U(z) = sup{v(z) : v € C°(Q) is a subsolution to Lu = f in Q with v < ¢ on 9N},

Show that the function U is well-defined and is a C? solution to LU = f in Q.

[You may use assume the following three facts:

(a) Given any open ball Br(zg) CC Q and v € C%0Bg(x¢)), there exists a unique
solution v € CO(Bg(x)) N C**(Bgr(zo)) to Lu = f in Bgr(xg) and u = v on
OBRr(xo).

(b) If v € C°(Q) is a subsolution to Lu = f in €, then

supv < supvt + Csup|f|
Q o Q

where v*(z) = max{v(x),0} and C' > 0 is a constant depending only on n, 2, and
L.

(c) If v,w € C°) are subsolutions to Lu = f in €, then max{v,w} is also a
subsolution.]
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Let Q be a domain in R™.

(i) State and prove the mean value property for C? harmonic functions in €2.
(ii) State and prove Weyl’s lemma.

(iii) State and prove the Harnack inequality for C? harmonic functions in Q.

Let Q be a domain in R™.

(i) State without proof the weak Harnack inequality for a weak supersolution u €
WHQ) to ’ o |
D;(a” Dju + b'u) + I Dju+ du = D; f* + g in ,
where f € LI(Q), g € LY/%(Q) for some ¢ > n and a”, b/, ¢/, d are bounded
measurable functions on 2 with

a' (x)&€; > N|¢J? for some A > 0 and all z € Q, € € R™.

(i) State and prove the strong maximum principle for a weak subsolution u € W12(£2)
to
D;(a” Dju + b'u) + ¢ Dju+du=0in Q,

where a¥, b/, ¢/, d are bounded measurable functions on  with

a”(2)&:&; = Mé? for some A > 0 and all z € Q, € € R™.

(iii) Let f* e L*(B1(0)) N LY(B1(0)), g € L*(B1(0)) N LY?(B1(0)) for some ¢ > n and
let ¢ € C°(0B;(0)). Show that there exists a unique solution v € C°(B1(0)) N
Wb2(B1(0)) to

loc

Au = D;f' + g weakly in B1(0), u = ¢ pointwise on dBj(0)

[You may assume there exists a solution u € W2(B1(0)) to Au = D; f*+ g in B1(0)
with u — ¢ € Wy (B1(0)) whenever ¢ € WH2(B;(0)).]
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