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(a) For each fixed real α and ǫ → 0, find two terms of an asymptotic expansion for
each eigenvalue of the matrix





1 1 0
ǫ α 1
0 ǫ 2



 .

[Hint: for some values of α the standard expansion fails. These values should be identified
and an alternate expansion should be found.]

Consider the distinguished limit in which both α → 1 and ǫ → 0. Find a suitable
asymptotic expansion for the eigenvalues in this limit and verify that it agrees in an
appropriate sense with your earlier results.

(b) Obtain two terms of an asymptotic expansion for tan−1 x as x → ∞.

In the limit ǫ → 0 find two terms of an asymptotic expansion for

f(ǫ) =

∫ π/2

0

cos2 x

x2 + ǫ2
dx .

[The second term may be left as a definite integral that does not involve ǫ.]

2

(a) Explain briefly what is meant by the method of multiple scales, indicate the class
of problems for which it might be used, and illustrate it by means of the problem below.

The amplitude θ(t) of a pendulum satisfies the equation

θ̈ + sin θ = 0 with θ = ǫ and θ̇ = 0 at t = 0.

For small amplitudes of swing (ǫ ≪ 1) use multiple scales to find θ(t) and hence
determine the period of oscillation correct to the first term involving ǫ.

(b) Suppose that

f(x) =

∫ b

a
g(t)exφ(t)dt

and that φ(t) has a maximum at t = c with a < c < b. Obtain two terms of an asymptotic
expansion for f as x → ∞ making clear any assumptions you make.

[
∫

∞

−∞

e−s2/2s2nds =
√
2π(2n − 1)(2n − 3)...3.1

]
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(a) The function y(x; ǫ) satisfies

(x+ ǫy)y′ + y = 1 with y(1) = 2

and ǫ ≪ 1. By considering an inner region of size O(ǫ1/2) around x = 0, show that the
first two terms in y(0) are

y(0) =

√

2

ǫ
− 1√

2
.

(b) Consider the first-order ordinary differential equation

dq

dt
= Aq ,

where q is a two-dimensional vector and A is a 2 × 2 constant real matrix which has
eigenvalues λ1, λ2 with Re(λ1) > Re(λ2). The optimal growth G(t) is defined to be the
maximum value of

‖q(t)‖
‖q(0)‖

over all q(0) 6= 0. Show that
G(t) 6 κeRe(λ1)t ,

where κ = ‖F ‖ ‖F−1‖ and F possesses as its columns the normalised eigenvectors of A.
Calculate the upper bound on G(t) explicitly for

A =

(

1 −α
α −1

)

,

where 0 6 α 6 1.
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Describe the use of the Briggs-Bers method to determine the long-time behaviour
of the solutions of the linearised Ginzburg Landau equation

∂A

∂t
+ U

∂A

∂x
− γ

∂2A

∂x2
− µA = 0

in −∞ < x < ∞, where U, µ, γ are real constants with γ > 0.

Now consider the linearised Ginzburg Landau equation in x > 0 subject to
A(0, t) = 0 and A(x, t) → 0 as x → ∞, and suppose that µ is no longer constant but
takes the form µ = µ0 − λǫx, with ǫ ≪ 1 and µ0 and λ positive real constants.

By considering a solution of the form

A(x, t) = f(ǫσx) exp

(

Ux

2γ
− iωt

)

,

where the index σ > 0 and the function f are to be determined, show that the global
mode frequencies are

i

(

µ0 −
U2

4γ
+ (ǫ2γλ2)1/3zn

)

for n = 1, 2, ... ,

where zn is the nth zero of the Airy function Ai(x) on the negative real axis. Hence,
deduce the condition for global stability. How does this compare to the condition for local
absolute instability?

[Hint: Ai(x) is the solution of y′′ = xy which tends to zero like exp(−2x3/2/3) as
x → ∞ . Ai(x) has a countable number of real zeros, all negative.]
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