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1

Conisder uε to be a solution of the following regularized version of the Obstacle
Problem in the unit ball B1 := {x ∈ R

n : |x| < 1} in the sense of distributions

{

∆uε = χε(uε) in B1

uε = 0 on ∂B1
(1)

where χε(s) is a smooth approximation of the Heaviside function χ{s>0} such that

χ′
ε > 0, χε(s) = 0 for s 6 −ε, χε(s) = 1 for s > ε.

1) Take a direction e ∈ ∂B1 and prove that for the ∂eu directional derivative of uε the
following holds:

∫

B1

∇(∂euε)∇ηdx = −

∫

B1

ηχ′
ε(uε)∂euεdx (2)

for any test function η ∈ C∞
0 (B1) (smooth functions with compact support in B1).

2) Choose η = ∂euεζ
2 for some ζ ∈ C∞

0 (B1) in (2) and show that

∫

B1

|∇(∂euε)|
2ζ2dx 6 −

∫

B1

(ζ∇(∂euε))·(2∂euε∇ζ) dx 6

∫

B1

|ζ∇(∂euε)|2|∂euε∇ζ|dx

(3)

3) Use Young’s Inequality
a(2b) 6 a2/2 + 2b2

for the right hand side of (3) to obtain

∫

B1

|∇(∂euε)|
2ζ2dx 6 4

∫

B1

(∂euε)
2|∇ζ|2dx (4)

4) Assume the family uε is uniformly (in ε) bounded in W 1,2
loc (B1):

‖uε‖W 1,2

loc
(B1)

6 C.

What can be concluded from (4): which estimate can this replace in the proof of
existence of solutions of Obstacle Problem by regularization?

[Hint: One can choose the direction e in (4) in the basis directions e1, e2, ..., en to

obtain ∂euε = ∂uε

∂x1
, ∂euε = ∂uε

∂x2
, ... ∂euε = ∂uε

∂xn
respectively and thus get estimates

for the second derivatives.]
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Let u ∈ L∞(D) be a nonnegative solution of the classical Obstacle Problem:

∆u = f(x)χ{u>0} in D. (1)

1) State the regularity of u that is obtained from standard elliptic estimates and the
knowledge that f ∈ L∞(D). State the optimal regularity of the solution u of (1).

2) State the Theorem of (at most) Quadratic Growth of u away from a given free
boundary point x0. Write down the corollary to the above theorem, which is used
in the proof of optimal regularity of u.

3) Use the comparison principle and Harnack’s inequality to prove the Quadratic
Growth Theorem.

3

The Problem A was the No-sign Obstacle Problem - the generalized version of the
Obstacle Problem where there is no obstacle and the solution is allowed to change its sign.

1) State the formulation of Problem A.

2) State the Non-Degeneracy Lemma for Problem A.

3) Prove the Non-Degeneracy Lemma for Problem A.

END OF PAPER
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