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Suppose that (T});~0 is a contraction semigroup acting on a Banach space E, with
infinitesimal generator Z. Define the Laplace transform Ly, for A = p+ iv, where p > 0.
Show that L) is a bounded linear operator on £ which commutes with 7; and find an
upper bound for its norm.

Show that L) is injective, and determine its image L)(E). Explain the sense in
which it commutes with Z.

Show that Z is a closed linear operator, and that D(Z) is dense in E.

Show that Z determines the semigroup (73)¢>o-

Suppose that A is a closed linear operator on a Hilbert space H with dense domain
D(A). Define the adjoint of A.What does it mean to say that A is symmetric? What does
it mean to say that A is self-adjoint?

Suppose that A is symmetric. Show that A is self-adjoint if and only if its spectrum
o(A) is contained in the real line.

Suppose that A is self-adjoint. Show that A is positive semi-definite if and only if
g(A) C [0, 00).

[You may assume that if 7" is a bounded self-adjoint operator then
inf{(T'(z),z) : ||z|| = 1} is an approximate eigenvalue for T']

Suppose that (T});>0 is a contraction semigroup of self-adjoint operators. Show that
each T; is positive definite.
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Suppose that (P;)¢>o is a reversible Feller semigroup with invariant probability
distribution p, infinitesimal generator L, transition probability measures pi(z,dy) and
standard algebra A. Suppose that f,g € A. Define the squared gradient operator T'(f, g)
and the joint energy £,(f, g).

Suppose that f > 0. Define the entropy Ent,(f). Let (f V €)(x) = max(f(x),€) for
0 < e < 1. Show that Ent,(f V€) = Ent,(f) as e = 0.

What does it mean for p to satisfy a logarithmic Sobolev inequality with constant
CLS?

Find an expression for I'( f, g) in terms of the transition probability measures. Hence
or otherwise show that if f > 0 then 2&,(f, f) < E.(f?,log f).

Suppose that p satisfies a logarithmic Sobolev inequality with constant cg, that
f € A and that f > 0. Show that

Ent,(P(f)) < e */°LsEnt,,(f).

Define the Bernoulli random variables and the Walsh functions on the hypercube
Dg, and establish their properties relating to the group structure of Dg. By considering

properties of a certain linear operator on LQ(Dg), show that if aq,...,aq are vectors in a
normed space F and €y, ..., €4 are Bernoulli random variables then
d d
E cail < V2 E €;0;
=1 2 =1 1
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Let v denote standard Gaussian measure on R. Define the creation operator a™ and
the annihilation operator a~, and show that a™ is the adjoint of a™. (You may assume
that a™ and a~ are closed, with dense domains.)

Explain how the creation operator is used to define the Hermite polynomials
(hn)S% o, and show that they form an orthogonal sequence in L%(y). How does the
annihilation operator act on h,?

Define the number operator IV, and show that it is positive semi-definite. Why is
it called the number operator? Explain how it is used to define the Ornstein-Uhlenbeck
semigroup. (You may assume that the polynomial functions are dense in L?(7).)

Find an expression for the energy &, (f) for a differentiable function f with bounded
derivative.

The measure  satisfies a logarithmic Sobolev inequality with constant 2. Use
this to show that if f is a continuously differentiable function with ||f'|| ., < 1 and if
oo
J7, f(x)dz = 0 then

y{zeR: f(x) >r}) < e /2 for r > 0.

END OF PAPER
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