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Please use the following conventions

ǫ12 = −ǫ12 = ǫ1̇2̇ = −ǫ
1̇2̇

= −1, ǫ0123 = +1 = −ǫ0123

(θθ) ≡ θαθα, (θ̄θ̄) ≡ θα̇θ
α̇,

The D-term scalar potential for a gauge group a is

VD =
g2a
2
DbDb, (1)

where Db is is the auxiliary field in the vector superfield of gauge group a.

In Mpl = 1 units, the general N = 1 supergravity scalar potential is given by

V = eK [K−1

ij DiWDjW
∗ − 3|W |2],

where DiW = ∂iW +W∂iK.

The Pauli matrices are:

σ1 =

(

0 1
1 0

)

, σ2 =

(

0 −i
i 0

)

, σ3 =

(

1 0
0 −1

)

,

and σµ = (1, σ).

The generators of the Poincaré group satisfy

[Mµν , P σ] = i(Pµηνσ − P νηµσ).

Under a Lorentz transformation, a left-handed spinor ψ transforms as
ψ → exp(−i

2
wµνσ

µν)ψ, where

σµν =
i

4
(σµσ̄ν − σν σ̄µ)

satisfies a self-duality condition

σµν =
1

2i
ǫµνρσσρσ.

The Jacobi identity for two bosonic operators A,B and one fermionic operator C is

0 = [A, [B, C]] + [B, [C, A]] + [C, [A, B]].
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1

The MSSM contains two Higgs doublets. What are their representations under the
Standard Model gauge group SU(3)×SU(2)×U(1)? State the two most important reasons
for why there is an additional Higgs doublet as compared to the Standard Model.

Show that the D−terms of the MSSM Higgs potential are:

VD = F (g, g′)(|H0
2 |2 + |H+

2
|2 − |H0

1 |2 − |H−

1
|2)2 +G(g, g′)|H+

2
H0

1

∗

+H0
2H

−

1

∗|2

where, in doing so, you should determine the functions F and G of the SU(2) and U(1)
gauge couplings g and g′, respectively.

The MSSM Higgs SUSY breaking terms are

VSB = Bµ(H+

2
H−

1
−H0

2

∗

H0
1 ) +H.c.+m2

H1
(|H0

1 |2 + |H−

1
|2) +m2

H2
(|H0

2 |2 + |H+

2
|2).

State any other contributions to the MSSM Higgs potential not contained within VSB or
VD.

Calculate the mass squared eigenvalues of the neutral Higgs fields. Imposing that one of
the eigenvalues be negative, as required by the Higgs mechanism, derive an inequality for
Bµ in terms of the other Higgs potential parameters.
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2

The Polonyi model of N = 1 supergravity has a single chiral superfield z, a
superpotential

W = m2(z + β),

where β is a real constant, and Kähler potential

K = |z|2.

(a) Calculate whether the model breaks or preseves supersymmetry.
(b) Calculate the scalar potential of z, VF (z).
(c) Imposing the observational constraint of a zero cosmological constant VF (〈z〉) = 0,
where 〈z〉 is the vacuum expectation value of the scalar superfield, show that

β =
√
A+B,

where A and B are integers that you should find. You may assume that β > 0.
(d) Show that

〈z〉 =
√
C +D,

in Planck units, where C and D are integers which you should find.
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3

Write down the equations of the N = 1 global supersymmetry algebra with the
following quantities on the left-hand side:
(a) [Qα, M

µν ],
(b) [Q̄α̇, Mµν ],
(c) [Q̄α̇, Pµ],
(d) {Qα, Qβ},
(e) {Qα, Q̄β̇

}.
Consider the superspin operator

C̃2 = CµνC
µν

where Cµν = BµPν −BνPµ, Bµ =Wµ− 1

4
(Q̄σ̄µQ) andWµ = 1

2
ǫµνρσP

νMρσ. How does one

expect C̃2 to transform under the Lorentz group? What does that mean for its commutator
with Mµν?

Calculate:
(f) [Bµ, Pρ]
(g) [Cµν , Pρ]
(h) [Q̄σ̄µQ, Qα]
(i) [Bµ, Qα]
(j) [Cµν , Qα]
and so demonstrate that C̃2 is a Casimir of the super-Poincaré algebra.
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Part III, Paper 40


