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Let Z ∼ N(0, 1) be a standard normal random variable, and define a function F by
the formula

F (v,m) = E[(e−v/2+
√
vZ −m)+].

(a) Let W be a Brownian motion, let r, σ and S0 be real constants with S0 > 0, and
suppose

dSt = St(r dt+ σdWt).

Show that
E[e−rT (ST −K)+] = S0F (Tσ2,Ke−rT /S0).

for all K > 0.

(b) Now, let W and Z be independent Brownian motions, let r, σ0, ρ and S0 be real
constants with S0 > 0 and −1 6 ρ 6 1, and let a and b be smooth functions. Suppose
that

dSt = St(r dt+ σt[ρdWt +
√

1− ρ2dZt])

dσt = a(σt)dt+ b(σt)dWt.

Assume that the process σ = (σt)t>0 is bounded and adapted to the filtration generated
by W . By conditioning on W , show that

E[e−rT (ST −K)+] = E

[

S0ETF
(
∫ T

0
(1− ρ2)σ2

t dt,Ke−rT /(S0ET )
)]

where the function F is defined above, and

ET = exp

(

−1

2

∫ T

0
ρ2σ2

t dt+

∫ T

0
ρσtdWt

)

(c) Under the assumptions of part (b), show that

E[e−rT (ST −K)+] = E

[

S0F

(
∫ T

0
(1− ρ2)σ̂2

t dt,Ke−rT ÊT /S0

)]

where
dσ̂t = (a(σ̂t) + ρσ̂tb(σ̂t))dt+ b(σ̂t)dŴt, σ̂0 = σ0.

and

ÊT = exp

(

−1

2

∫ T

0
ρ2σ̂2

t dt−
∫ T

0
ρσ̂tdŴt

)

and Ŵ is a Brownian motion.
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(a) Let X = (X1, . . . ,Xd) be a random vector and let

C = {E(ZX) : Z > 0 almost surely and E(Z|X|) < ∞} ⊆ R
d

Show that if the set C does not contain 0, then there exists a (non-random) vector a ∈ R
d

such that a ·X > 0 almost surely and P(a ·X > 0) > 0.

[ You may (but need not) use a version of the separating hyperplane theorem without
proof, as long as it is clearly stated. Also, you may (but need not) assume that the random
variables X1, . . . ,Xd are linearly independent in the sense that a · X = 0 almost surely
implies a = 0. ]

(b) In the context of a d+1 asset, one-period model with a numéraire asset, show that there
is no arbitrage only if there exists an equivalent martingale measure. Your answer should
contain the definitions of the terms numéraire asset, arbitrage, and equivalent martingale
measure.
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Consider a continuous time market with two assets. Asset 0 is cash with price
Bt = 1 for all t > 0 and asset 1 is a stock whose price St has dynamics

dSt = St(µt dt+ σt dWt),

where W is a Brownian motion and µ and σ are continuous and adapted to the filtration
(Ft)t>0 generated by W .

(a) What is does it mean to say a trading strategy (πt)06t6T is admissible?

Suppose σt > 0 for all t > 0 almost surely, and let λt = µt/σt. Finally, let

Zt = e−
1

2

∫
t

0
λ2
s
ds−

∫
t

0
λsdWs

(b) Show that Z is a local martingale.

(c) Show that there exists an admissible strategy π and intial wealth x such that

x+

∫ t

0
πsdSs = 1/Zt

for all 0 6 t 6 T .

(d) Let M be a positive martingale. Use the martingale representation theorem to show
that there exists an admissible strategy π and intial wealth x such that

x+

∫ t

0
πsdSs = Mt/Zt

for all 0 6 t 6 T .

(e) By considering the martingale Mt = E(ZT |Ft), show that the market has an arbitrage
strategy if E(ZT ) < Z0.
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Consider a one-period market model with N +1 assets: a bond, a stock, and N − 1
call options. The prices of the bond are B0 = 1 and B1 = 1+r, where r is a constant. The
prices of the stock are given by a constant S0 and a random variable S1 taking values in
{0, 1, . . . , N − 1, N} for a given integer N > 4. Finally, the time-0 price of the call option
with strike K ∈ {1, . . . , N − 1} is denoted C(K). Assume that there is no arbitrage in the
market.

(a) Show that 0 6 S0 6
N
1+r .

(b) Show that
(

S0 − K
1+r

)+
6 C(K) 6 S0 for all 1 6 K 6 N − 1.

(c) Show that 0 6 C(K)− C(K + 1) 6 1
1+r for all 1 6 K 6 N − 2.

(d) Show that C(K + 1)− 2C(K) +C(K − 1) > 0 for all 2 6 K 6 N − 2.

(e) Now suppose a contingent claim with time-1 payout ξ1 = g(S1) is introduced, where g
is the function

g(S) =

{

1 if S = K0

0 otherwise

where 0 6 K0 6 N is a given integer. In each of the following cases, find the unique time-0
price ξ0 such that the augmented market has no arbitrage:

(i) 2 6 K0 6 N − 2,

(ii) K0 = N − 1,

(iii) K0 = 0.

[You may use a fundamental theorem of asset pricing without proof, as long as it is
stated carefully.]
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Consider a market with two assets, a bank account with time-t price ert and a stock
whose price dynamics satisfy

dSt = St(r dt+
√
vtdWt)

dvt = (a− bvt)dt+ c
√
vt(ρdWt +

√

1− ρ2dZt)

where r, a, b, c and ρ are contants, with a, b > 0 and −1 6 ρ 6 1, and W and Z are
independent Brownian motions.

Let F : [0, T ]× R+ × R+ → R+ satisfy the partial differential equation

∂F

∂t
+ Sr

∂F

∂S
+ (a− bvt)

∂F

∂v
+

1

2
S2v

∂2F

∂S2
+ cρSv

∂2F

∂S∂v
+

1

2
c2v

∂2F

∂v2
= rF

with boundary condition F (T, S, v) =
√
S.

Introduce a contingent claim with time-T payout ξT =
√
ST .

(a) Show that there is no arbitrage in the augmented market if the time-t price of the
contingent claim is given by ξt = F (t, St, vt). You may use a fundamental theorem of asset
pricing as long as it is stated carefully.

Suppose that F (t, S, v) =
√
SeA(t)v+B(t) for some functions A,B : [0, T ] → R.

(b) Show that A satisfies an ordinary differential equation. You should derive the equation,
including the boundary conditions, but need not solve it.

(c) Show that the function B is given by

B(t) = −(T − t)r/2 + k

∫ T

t
A(s)ds

for a constant k which you should find in terms of the model parameters.
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Let Y = (Yt)t∈{0,...,T} be a bounded process adapted to a filtration (Ft)t∈{0,...,T}.
Let U be the Snell envelope of Y , defined by UT = YT and

Ut = max{Yt,E(Ut+1|Ft)} for 0 6 t < T.

(a) Prove Doob’s decomposition theorem: there exists martingale M with M0 = 0 and
predictable non-decreasing process A with A0 = 0 such that

Ut = U0 +Mt −At

for all t = 0, . . . , T .

(b) Use the optional stopping theorem to show that for every stopping time τ 6 T ,

E(Yτ ) 6 U0.

(c) Let τ∗ = min{t : At+1 > 0}, with the convention that τ∗ = T on the set {AT = 0}.
Show that

E(Yτ∗) = U0

(d) Let N be a martingale with N0 = 0. Use the optional stopping theorem to show

E

[

max
t∈{0,...,T}

(Yt −Nt)

]

> sup
τ6T

E(Yτ −Nτ ) = U0

where the supremum is over all stopping times τ 6 T .

END OF PAPER
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