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(a) Let (K)o be a family of compact H-hulls. Define the local growth property.
Explain what is meant by the Loewner transform (& )0 of (K)o, justifying why it is
well-defined.

(b) Let (&):>0 be a continuous real-valued path with £y = 0. Explain what is meant
by the Loewner flow driven by (& )i>0, and explain how to define an expanding family
of compact H-hulls (K});>0 from it. [You are not required to show that K; is indeed a
compact H-hull.]

(¢) Let (K¢)i=0 have the local growth property, and let (& ):>o be its Loewner
transform. Show that (£;);>0 is continuous.

Assume that hcap(K;) = 2t for all ¢ > 0. Let g; be conformal isomorphism from
H, =H\ K, onto H such that ¢;(z) — z — 0 as z — oo. Show that (g;);>0 is the Loewner
flow driven by (&;)>0.

[You may use without proof the following estimates on conformal maps: if K is a
compact H-hull and K C £ 4+ rD for some £ € R,r > 0, then

|9xc(2) = 2| < 3r
forall ze H=H\ K, and

heap(K), _ Crhecap(K)?
z=¢ (z =)

for all z € H such that |z — &| > 2r. Here g denotes the conformal isomorphism from H
to H such that gx(z) — 2z — 0 as z — 00.]

| <

lgr(2) — 2 —
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(a) Let a € (0,7). Let «(t) be the curve in H defined by ~(t) = r(t)e!®, where
r(t) = 0 is chosen so that if K; = ~((0,¢]), then hcap(K;) = 2t. Let (&)i>0 be the
Loewner transform of (K;):>o. Show that for all A > 0, gy2;(z) = Ag¢(2/\). Deduce that
there exists a (necessarily unique) C,, € R such that & = C,/t for all ¢ > 0.

(b) Let z = iy with y > 1, and let B be a Brownian motion starting from z. Choose
t > 0 such that |y(¢t)| =1,1let K = K; and set H =H\ K and T =inf{t > 0: B, ¢ H}.
Define 0_ and 94 as follows. Say that Br € J_ if there exists a sequence t,, < T with ¢, T T
such that arg(By,) > «, where if z € C then arg(z) € (—m, 7| denotes the argument of z.
Otherwise, say that By € d4. Argue that if a < /2, then P(Br € 0_) > P(Br € 04).

[Hint: let I = [0,7(¢)] and let I* denote the reflection of I with respect to the
imaginary axis. Let 7 be the hitting time of the unit circle C, and assume 7 < T.
Consider the random time S defined as the last time that the Brownian motion B hits C
before touching I U I* UR, and observe that the law of Bg is symmetric with respect to
the imaginary axis.]

(c) Let gk be conformal isomorphism from H onto H such that gx(z) — 2z — 0 as
z — oo. Taking K = K; where t is chosen as above (i.e., so that |y(¢)] = 1), draw a
picture to represent the effect of the transformation gx, highlighting in particular where
different pieces of the boundary of H are mapped (you are not expected to justify that
this picture is correct).

Deduce from (b) and conformal invariance of Brownian motion that C, > 0 if and
only if a < /2.
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Let x > 0 and let g; be the Loewner flow associated with an SLE(k) curve. Let K
denote the corresponding hull and H; = H '\ Ky, where H is the complex upper-half plane.
Let ((2) = inf{t > 0: 2z € K;} (for z € H\ {0}), and let & = —/kB; be the associated

Loewner transform (hence B is a standard Brownian motion).

(a) State the Loewner differential equation, and deduce that if x € R\ {0}, then for
all t < ((x),
d 2g;(z)
d—gi( )=~y
t (ge(x) — &)

You may exchange the order of differentiation without justification.

(b) Justify briefly that gj(z) > 0 for ¢t < {(x). Let v; = log g;(x). Find an equation
for dv;/dt, and deduce that for all b > 0,

Gl(@)? = exp (—ab /Ot ﬁ@) b C(a),

where a = 2/k and X(x) = (g:(z) — &)/+/k. Explain why this implies that for each fixed
t, gi(z) is increasing in z € (r¢, 00), where r; = sup{K; N R}.

(c) Assume that =z € (0,4/k). Show that dX,(z) = dB; + (a/X(z))dt for
t < ((x ) and Xo(z) = x/\/_ € (0,1). Set ¢ = inf{t > 0 : ( ) € {0,1}}. Let
Z; = exp(—ab [ ds/ X,()?), and let ¢(z) = E(Z,). Check that

E(ZO"Ft) = (b(Xt/\U)Zt/\m

where (F;)i>0 is the filtration generated by (Bi)i>0. Deduce that

#'(w) + =4/ (@) — <5 () =0.

[You may use without proof that ¢ is twice continuously differentiable.]
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(a) Define the notion of chordal SLE(k) in a domain D from a boundary point z
to a boundary point z;, taking care to explain to what extent it is uniquely specified.
Explain what is meant by the locality property.

(b) Show that SLE(6) has the locality property. In your proof you may use without
proof the fact that if ® : N — N* is a conformal isomorphism from a neighbourhood N in
H of a segment of the real line I to another neighbourhood N* of a segment I* C R, then
heap(K}) = Qf(f D}(&5)%ds and (&) = —3P/(&;). Here (Ki)iso is a family of compact
H-hulls with local growth, parametrized so that hcap(K;) = 2t, with Loewner transform
& Kf=O(Ky), & =gfodo gt_l with g; = gk, and g{ = gx, and these identities are
true for t < T =1inf{t > 0: K; ¢ NU(ONNR)}.

(c) Let A denote the equilateral triangle with vertices a =0,b=1, c = /3. Let ¢
denote a map from H to A such that ¢(0) = a, ¢(1) = b, p(c0) = c. Why does ¢ exist? Is
it uniquely defined? Explain why for z > 1, ¢(z) = 1+ e*™/3¢((z —1)/x). [Hint: consider
the conformal maps z — f(z) =1/(1 — 2) and z — g(z) = 1 4 e*7/32]

(d) Let v be an SLE(6) curve in A from 0 to 1. Let ¢* = inf{t > 0: v € [b,c¢]}. Why
is t* well-defined? Show that 74+ is uniformly distributed on the segment [b, ¢|. [You may
use without proof results about hitting probabilities of SLFE(k) on the real line, provided
that the result is clearly stated. You may also use without proof that the map ¢(z) from
part (c) has the expression

# dw
o) = |

where ¢ is chosen so that ¢(1) = 1]
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