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1 (a) Use the Papkovich–Neuber representation of Stokes flow to find the velocity
field u due to a rigid sphere of radius a moving with velocity V and no rotation through
unbounded viscous fluid.

Show that
∂u

∂r
=

3V

2a
·
(

nn− I
)

on r = a ,

where n is the normal to the sphere and I is the identity tensor.

On r = a the stress tensor is given by

σ =
3µ

2a

[

(V·n)(2nn − I) − Vn− nV

]

.

Calculate the force on the sphere.

(b) Now consider a nearly spherical rigid particle with radius r = a + ǫf(θ, φ),
where ǫ ≪ 1, moving under the influence of a fixed force F and zero couple through
unbounded viscous fluid. The velocity of the particle U + Ω ∧ x can be expanded as a
regular perturbation series

U = U0 + ǫU1 + O(ǫ2) and Ω = Ω0 + ǫΩ1 + O(ǫ2)

with similar expansions for the velocity field u and stress field σ. What are the values of
U0 and Ω0?

What are the exact boundary conditions satisfied by u and σ on the surface S of
the particle? By expanding these conditions in powers of ǫ, deduce that

u1 = U1 + Ω1 ∧ x − f
∂u0

∂r
on r = a

and
∫

r = a

σ1·n dS =

∫

r = a

x ∧ σ1·n dS = 0 .

Explain why there are no terms involving f and σ0 in the two integrals.

(c) Use the reciprocal theorem on u1 and a suitable test flow û to obtain an equation
for U1. For the case of a slightly ellipsoidal particle with f = a(n·D·n), where D is a
constant, symmetric, traceless, second-rank tensor, show that

U1 =
1

5
U0·D .

Explain briefly why Ω1 = 0 for such a particle.

[

You may assume that

∫

r = a

ni nj nk nl dS =
4πa2

15
(δijδkl + δikδjl + δilδjk) .

]
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2 A long straight horizontal channel aligned with the x-axis has a V-shaped cross-
section defined by a rigid boundary at z = |y| cot α , where y is the cross-channel
coordinate and z is the vertical coordinate. Fluid with kinematic viscosity ν occupies
the bottom of the channel with depth h(x, y, t) so that the height ζ of the free surface is
given by ζ = h(x, y, t) + |y| cot α . Surface tension is negligible and the flow is driven by
gravity.

Assume that the midline depth h0 = h(x, 0, t) can be taken as a representative
lengthscale for both the depth and the width of the flow. Use scaling arguments to
show that (i) variations in free-surface height ζ across the channel flatten on a timescale
τy = ν/gh0 and (ii) variations in free-surface height along the channel over a lengthscale
L, where L ≫ h0 , flatten on a timescale τx = νL2/gh 3

0
. [Hint: estimate the horizontal

and vertical velocities from the pressure gradient.] Why is it reasonable to assume that ζ is
approximately independent of y when calculating the evolution of flow along the channel?

The midline depth satisfies |∂h0/∂x| ≪ 1. Explaining any approximations made,
show that

tan α
∂h2

0

∂t
=

g Q(α)

ν

∂

∂x

(

h 4

0

∂h0

∂x

)

,

where Q(α) is the area integral of the solution of ∇2φ = −1 in a two-dimensional domain
and with boundary conditions that should each be specified. [You should not make any

assumptions about the value of α, but explicit solution for φ is not required.]

A fixed volume V of fluid is released at the origin at t = 0 and spreads in both
directions along the channel. Calculate the corresponding large-time similarity solution
and show that the nose of the current is at

xN (t) =

(

V

I tan α

)3/7 (

7g Q(α)t

3 ν tan α

)2/7

, where I =

∫

1

−1

(1 − u2)2/3 du .

Sketch the qualitative variation of h0(x
∗, t) at a fixed position x∗ for t > 0 . Using

similarity variables or otherwise, show that the maximum depth at x∗ is attained when
x 2

N = 7

3
x∗2.

When the level of fluid is falling, fluid must drain down the walls of the channel.
Sketch a cross-section through the channel showing the expected distribution of fluid when
the midline depth has decreased to half its maximum value for, say, α ≈ π

4
. Comment

on whether this distribution invalidates the above calculation of xN (t) for large t.
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3 A planar sheet of fluid of viscosity µ undergoes extension. With respect to Cartesian
axes, the sheet occupies −

1

2
h(x, t) 6 z 6

1

2
h(x, t). There is no flow or variation in the

y-direction, so that the velocity u(x, z, t) = (u, 0, w). The sheet is acted upon by surface
tension, with constant coefficient γ , but the effect of gravity is negligible.

Assuming that ∂h/∂x ≪ 1 , explain why u is approximately independent of z and
derive equations for w(x, z, t) and for the z-component of the stress tensor σzz . Deduce
that

σxx = −pa +
1

2
γ

∂2h

∂x2
+ 4µ

∂u

∂x
,

where pa is the uniform pressure outside the sheet.

Draw a diagram to show all of the forces acting on a fluid slice of length δx and
varying thickness. Deduce that

∂

∂x

(

4µh
∂u

∂x

)

+
1

2
γh

∂3h

∂x3
= 0 (1)

and obtain another relationship between h(x, t) and u(x, t).

Two cylindrical gas bubbles of radius a are gently pressed against one another by
a weak external flow in the surrounding liquid. Deformation of the bubbles is negligible
except in a flat region of fixed length 2L where the bubbles are separated by a thin liquid
sheet of thickness h0(x, t) ≪ L . Making reference to the pressure in the flat region and
in the external fluid, explain why the liquid drains out of the sheet.

Within the flat region, the sheet thickness h0 is initially independent of x. Using
(1), show that u = Ux/L for some U(t). Deduce that h0 remains independent of x and
deduce an ordinary differential equation for h0(t).

The value of U is controlled by short transition regions at each end of the sheet over
which the interfacial curvature changes from 0 to 1/a. The lengthscale δ of these regions
satisfies h0 ≪ δ ≪ L . Use scaling arguments to show that:

(i) δ ∼ (ah0)
1/2, (ii) U ∼

(

γ/µ
)(

h0/a
)1/2

, and

(iii) uh is approximately constant throughout the transition region.

Use a scaled co-ordinate ξ = (x−L)/(ah0)
1/2 to rescale (1) in the transition region.

Eliminate u to obtain a third-order differential equation for h(ξ). Integrate this twice to
show that

h−1/2
dh

dξ
=

16µU

3γ
a1/2

[

1 − (h0/h)3/2

]

.

By considering the behaviour of h for h ≫ h0, show that

U =
3γ

8µ

(

h0

a

)

1/2

.

Hence find h0(t). Comment on the large-time behaviour.
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4 A rigid sphere, radius a, moves through a fluid of viscosity µ towards a rigid,
horizontal plane. The minimum distance between the sphere and the plane is h0(t) ≪ a .
Assuming lubrication theory, but explaining any geometrical approximations, show that
the pressure in the fluid is

p(r, t) = −3µaḣ0

(

h0 +
r2

2a

)

−2

,

where a dot denotes differentiation with respect to time and r is the horizontal distance
from the vertical line through the centre of the sphere.

The horizontal plane is now coated with a thin elastic layer whose surface deforma-
tion is given by δh = −ηp(r, t), where the compliance η is a constant. In what follows,
use non-dimensional variables

H0 ≡
h0

ĥ
, Ḣ0 ≡

ḣ0

v̂
, R ≡

r
√

aĥ
, T ≡

tv̂

ĥ
, P ≡

pĥ2

µav̂
,

where ĥ and v̂ are typical scales for h0(t) and ḣ0(t). Why are the scales used to define R,
T and P appropriate? What is the non-dimensional compliance ǫ of the elastic layer?

Assuming that ǫ ≪ 1 , expand P as a power series P = P0 + ǫP1 + ... . State the
solution for P0(R,T ) and show that

P1(R,T ) =
k(T )

H3

0

I3 (ξ) + 18
Ḧ0

H4

0

I4 (ξ) − 18
Ḣ2

0

H5

0

I5 (ξ) −
54

5

Ḣ2
0

H5

0

(1 + ξ)−5 ,

where k(T ) is some function of T, ξ = R2/2H0 and

In(x) ≡ −

∫

∞

x

dy

y(1 + y)n
= log

(

x

1 + x

)

+
n−1
∑

i = 1

1

i

1

(1 + x)i
.

Explain why regularity of the pressure requires that

k(T ) = 18

(

Ḣ2

0

H2
0

−
Ḧ0

H0

)

.

Simplify the equation for P1(R,T ) using the expansions of In(x).

Show that the non-dimensional hydrodynamic lift force is given by

F = 6π

[

−
Ḣ0

H0

+ ǫ

(

Ḧ0

H3

0

−
12

5

Ḣ2

0

H4

0

)

+ ...

]

.

The sphere is sedimenting due to its weight. Does the presence of an elastic layer
initially increase or decrease the rate of sedimentation? What is the physical reason for
this?

Determine the order-of-magnitude gap thickness H ∗

0
at which the O(ǫ) term in the

series expansion for F becomes comparable to the leading-order term. What does this
breakdown of the expansion correspond to physically?
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