
MATHEMATICAL TRIPOS Part III

Friday, 28 May, 2010 1:30 pm to 4:30 pm

PAPER 59

ASTROPHYSICAL FLUID DYNAMICS

Attempt no more than THREE questions.

There are FOUR questions in total.

The questions carry equal weight.

You are reminded of the equations of ideal magnetohydrodynamics in the form

∂ρ

∂t
+ u·∇ρ = −ρ∇·u ,

∂p

∂t
+ u·∇p = −γp∇·u ,

ρ

(
∂u

∂t
+ u·∇u

)
= −ρ∇Φ−∇p +

1
µ0

(∇×B)×B ,

∂B

∂t
= ∇× (u×B) ,

∇·B = 0 ,

∇2Φ = 4π Gρ .
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1

Small diffusionless disturbances (velocity u, magnetic field b) occur to a motionless
state with a magnetic field B = Jrêφ (so that ∇ × B = 2J êz) in cylindrical polar
coordinates (r, φ, z). The flow may be assumed to be solenoidal.

Consider disturbances proportional to e imφ + ikz + iωt , and show that they obey the
equations

iωu = −∇p̃ +
1

µ0ρ
(imJb + 2J êz × b) ,

iωb = imJu ,

where p̃ is a modified pressure and ρ is the fluid density. By eliminating the velocity and
pressure show that

∇2
b = − 4 k2m2J̃4

(ω2 − m2J̃2)2
b ,

where J̃ = J/
√

µ0ρ .

Consider eigenmodes for which ∇2
b = −(α2 + k2)b , where α is real. Show that

ω2 is real and that ω2 > 0 for |m| > 2 . Give conditions on m,k and α for which there is
instability when |m| = 1 .

2

Write down the equations of steady, spherical accretion of a barotropic gas (with
p = p(ρ)) in an arbitrary gravitational potential Φ(R). It may be assumed that the gas is
uniform and at rest at infinity with pressure p0 .

Explain the concept of the sonic radius Rs . Argue that the accretion flow, which is
subsonic at infinity and supersonic for sufficiently small R, passes through a sonic point
if one exists.

Now suppose the gas is polytropic, with p = Kρ 1+1/m. Determine the values of m

for which a sonic point exists in the case Φ = −λR−2
− µR−1 , and give the associated

accretion rate.
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3

Consider a spherically symmetric self-gravitating star V in hydrostatic equilibrium.
It may be assumed that the pressure p and density ρ both vanish at the surface R = a .
Making standard assumptions, derive the equations governing small displacements ξ, and
derive the equation for the frequency ω:

ω2

∫

V

ρ|ξ|2 dV = −
1

4πG

∫

∞

|∇δφ|2 dV +

∫

V

(

|δp|2

γρ
+ ρN2|ξR|

2

)

dV ,

where δp, δφ are the Lagrangian displacements of p, φ, respectively, γ is the ratio of specific

heats, ξR is the radial component of ξ, and N2 = g

(

1

γ

d lnp

dR
−

d lnρ

dR

)

is the buoyancy

frequency.

Making any plausible assumptions about the density and pressure distributions,
estimate the importance of the first two terms on the right hand side of this expression.
Show that the first term (self-gravity) can be neglected for sufficiently small scales of
disturbance.

In this case, and if N2 < 0 for c < R < b < a , give an explicit form of ξ that yields
a negative value of ω2, and hence demonstrate instability.

4

Write an essay on the Magneto-Rotational Instability. You should consider only

axisymmetric instabilities. Your essay should cover both the basic instability mechanism

for a uniform field, and any new effects that arise for more general fields.
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