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(a)(i) Let V a be a Killing vector field. Prove that

∇a∇bV
c = Rc

bad V d .

(ii) Let V a be a Killing vector field in a vacuum spacetime. Show that Fab = 2∂[aVb]

satisfies Maxwell’s equations.

(iii) Consider Minkowski spacetime in spherical polar coordinates (t, r, θ, φ). What is the
interpretation of the solution Fab for V = ∂/∂φ ?
[Hint: transform Va to Cartesian coordinates.]

(iv) What is the interpretation of Fab for V = ∂/∂t and V = ∂/∂φ in the Schwarzschild
spacetime (with M > 0)?

(b) The following metric solves Einstein’s equation in 3 dimensions with a negative
cosmological constant:

ds2 = −
(

r2

ℓ2
− M

)

dt2 +
dr2

(r2/ℓ2 − M)
+ r2 dφ2 ,

where φ ∼ φ + 2π, and ℓ, M are constants with ℓ > 0.

(i) For M > 0, show that this spacetime can be analytically extended such that the
resulting spacetime has a Killing horizon at r = ℓ

√
M , where the associated Killing

vector field coincides with ∂/∂t for r > ℓ
√

M .

(ii) Determine the surface gravity of this Killing horizon.

(iii) For M < 0, show that the spacetime is nakedly singular unless M takes a certain
value.
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The Vaidya spacetime has metric

ds2 = −

(

1 −

2m(v)

r

)

dv2 + 2 dv dr + r2
(

dθ2 + sin2 θ dφ2
)

,

where m(v) is an arbitrary smooth positive function. It is a solution of Einstein’s equation
for an energy-momentum tensor with only one non-vanishing component:

Tvv =
ṁ(v)

4π r2
,

where a dot denotes a derivative with respect to v.

(a) Show that curves of constant v, θ, φ are null geodesics.

(b) What condition(s) must m(v) obey for the dominant energy condition to be satisfied?
(Hint: note that −∂/∂r is future-directed because it is tangent to ingoing radial null

geodesics.)

(c) Assume that this spacetime contains an event horizon. By spherical symmetry, this
must have equation r = r(v). Show that r(v) satisfies

2r(v) ṙ(v) = r(v) − 2m(v) .

(d) Let m(v) = M0 for v < 0 and m(v) = M1 > M0 for v > v0, where M0 and M1

are positive constants, with m(v) monotonically increasing for 0 < v < v0. Explain
briefly, using a Penrose diagram, why r(v) = 2M1 for v > v0. (You may assume standard
properties of the Schwarzschild black hole.)

(e) Now assume that M1 − M0 is small. Write m(v) = M0 + µ(v), where µ(v) is small,
with µ(v) = 0 for v < 0 and µ(v) = M1 −M0 for v > v0. Write r(v) = 2M0 + ρ(v), where
ρ(v) is small. Working to first order, solve the above equation to determine ρ(v). Hence
show that r(v) → 2M0 as v → −∞.

(f) Still assuming M1 − M0 to be small, calculate the total energy of the matter that
crosses the horizon. Hence show that the first law of black hole mechanics is satisfied.
(Hint: the energy-momentum tensor is small so one can treat the background as exactly

Schwarzschild when calculating the energy that crosses the horizon.)
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(a) Show that the normal to a null hypersurface is tangent to null geodesics within the
surface.

(b) Define the expansion, shear and twist of a null geodesic congruence.

(c) Derive Raychaudhuri’s equation.

(d) Prove that the expansion, shear and twist of the generators of a Killing horizon must
vanish.

4

Write an essay explaining Hawking’s argument that black holes must emit thermal

radiation.

END OF PAPER
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