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The rotation of a rigid body is described by a single angular coordinate θ with
the usual periodic identification θ ∼ θ + 2π. The evolution of θ in time t is governed
by the Lagrangian L = Λθ̇2/2 where Λ is a constant with the dimensions of length and
θ̇ = dθ(t)/dt.

The corresponding quantum system has energy eigenstates |n〉 labeled by an integer
n, with eigenvalue En = n2

~
2/2Λ which satisfy a completeness relation,

+∞
∑

n=−∞

1

2π
|n〉 〈n| = I

where I denotes the identity operator. The inner product between normalised eigenstates
|θ〉 of the angular coordinate and energy eigenstates is 〈θ|n〉 = exp(inθ).

(a) State without proof a path integral formula for the transition amplitude from
an initial state with θ = θi ∈ [0, 2π] at t = 0 to a final state θ = θf ∈ [0, 2π] at time t = T .
Evaluate this transition amplitude using operator methods leaving the answer in the form
of an infinite sum over the energy eigenvalues of the system.

(b) Find all possible classical paths satisfying the boundary conditions described in
a) and evaluate the classical action of each path.

(c) Use the identity,

+∞
∑

n=−∞

1

2π
f

( n

2π

)

exp (inΘ) =
+∞
∑

m=−∞

f̃ (Θ + 2πm) ,

which you may assume holds for any function f for which the integral,

f̃(k) =

∫

+∞

−∞

dx f(x) exp(2πikx),

can be defined by analytic continuation, to write the transmission amplitude as a sum
over contributions to the path integral from the classical paths considered in (b).
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Complex Grassmann variables θi and θ̄i, with i = 1, 2, . . . , N satisfy

{θi, θj} = {θ̄i, θ̄j} = {θi, θ̄j} = 0

for all i and j. Throughout this question we adopt a summation convention where repeated
indices are summed over.

Define the Grassmann integration measure,
∫

dN θ̄ dNθ

and show that it is invariant under the transformation,

θi → θ′i = Uijθj

θ̄i → θ̄′i = U∗
ij θ̄j

where U is an N × N unitary matrix (ie UU † equals the unit matrix). Hence show that,
∫

dN θ̄ dNθ exp
(

−θ̄i Bij θj

)

= detB

for any Hermitian matrix B.

Now consider the following integral where the Grassmann variables introduced above
are coupled to N ordinary bosonic variables xj , j = 1, 2, . . . , N ,

I(g) =

∫

dN θ̄ dNθ dNx exp (−S)

where,

S =
1

2
xi Aij xj + θ̄i Bij θj − g xk θ̄i C

(k)
ij θj ,

with sums over repeated indicies i, j and k implied. Here A, B and C(k), for k = 1, . . . , N ,
are N ×N Hermitian matrices and g is a dimensionless coupling constant. In addition the
eigenvalues of A are positive. Prove that,

I(g) = detB

∫

dNx exp

(

−
1

2
xi Aij xj − Veff(x)

)

where,

Veff =

∞
∑

m=1

gm

m!
xk1

xk2
. . . xkm

V
(m)
k1k2...km

with

V
(m)
k1k2...km

= (m − 1)! Tr
[

B−1C(k1)B−1C(k2) . . . B−1C(km)
]

Here Tr[X] denotes the trace of an N × N matrix X. Hint: you may find the identity

log(detX) ≡ Tr[log X] useful.

Hence write down Feynman rules for the expansion of I(g)/I(0) in powers of g.
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Write an essay on the β-function of φ4 scalar field theory in four dimensions. Your
account should start from the Callan-Symanzik equation (which need not be derived) and
explain how the equation is solved in simple cases. You should include a derivation of the
one-loop β-function and of the corresponding one-loop running coupling.

You may use without proof the following relation between the bare and renormalised
mass and coupling of the theory, calculated at one-loop in dimensional regularisation (with
d = 4 − ε) in the MS renormalisation scheme,

λB = λµε

(

1 +
3λ

16π2ε

)

m2

B = m2

(

1 +
λ

16π2ε

)

up to corrections of higher order in λ.

4

The gauge-fixed Lagrangian for SU(N) Yang-Mills theory is given as,

L = −
1

4
F a

µν Fµν a −
1

2ζ
∂µAa

µ∂νAa
ν − ∂µc̄a (Dµc)a

where a = 1, . . . , N2 − 1 with a summation convention for repeated indices and,

F a
µν = ∂µAa

ν − ∂νA
a
µ + g fabcAb

µAc
ν

(Dµc)a = ∂µca + gfabc Ab
µcc

where fabc are structure constants for SU(N).

By defining an appropriate generating functional, calculate the following position
space Green’s functions at tree level,

i) 〈Ω
∣

∣

∣
T

{

Aa
µ(x) Ab

ν(y)
}∣

∣

∣
Ω〉

ii) 〈Ω
∣

∣

∣
T

{

ca(x) c̄b(y)
}

∣

∣

∣
Ω〉

where T denotes time-ordering and |Ω〉 is the vacuum state. You may use the standard
path integral representation of these Green’s functions without proof.

Identify the specific term in the Lagrangian giving rise to the ghost-gluon vertex.
Explain briefly the form of the corresponding Feynman rule.
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