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Define the adjoint representation of a Lie algebra of dimension d(G) with basis
generators {7} satisfying [T}, , Tp] = @ fape Te- Write down the expression for the generators
in the adjoint representation.

Let t% be a matrix representation of the generators of the algebra with dimension
d(R). Suppose the tf’s are normalised so that tr(tf¢f*) = C(R) 4. Prove that
a a “b

fabc = -

e M ).

Given that tZtf = Cy(R) I, where C3(R) is the quadratic Casimir in the represen-
tation R, and I is the d(R) x d(R) unit matrix, show that

d(R)Cy(R
d(G)
Write the generators of the product of representations, tfl‘gRQ, in terms of the
generators of ¢/ and ¢2. Given this product, decompose into the sum of generators of
irreducible representations,

e gl
show that
(Co(Ry) + Ca(R2))d(R1) d(R2) = Z Ca(R;) d(R;) .

Now consider the group G = SU(N). Using tensor notation, or otherwise, show how
the representation, N ® N decomposes into the sum of irreducible representations, where
N denotes the fundamental representation and N the anti-fundamental representation.

Use the above equations to deduce the value of the quadratic Casimir in the adjoint
representation, Cy(Ad(SU(N)), by considering the special case of R = N and Ry = N
and making the conventional choice, C'(N) = 1/2.
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What is a representation of a Lie algebra and how is it related to a unitary
representation of a group?

The angular momentum algebra is expressed in terms of the relations
[J3, J1] = £y, [y, J_] = 2J3, [Je,Ji] = 0.

A Dbasis of states {|m)} are eigenstates of J3 satisfying Js|m) = m|m). What is meant
by a ‘highest-weight state’ |mmqe.)? Prove that states of the form (J_)!|mez) form a
finite-dimensional space if m,,, satisfies conditions that should be stated. Show that this
allows for integer or half-integer spins.

What is the spin—% representation of Ji, J3?7

Explain how a three-dimensional rotation, R(6,n), by an angle § around an axis
specified by the unit vector n is described by the group SU(2). Write down the unitary
operator U(R) that generates such rotations acting on basis states. Hence, explain how

)

2 (R), may be defined in terms of representations of

unitary spin-j representations, Dg
the angular momentum algebra.

Consider a rotation parameterised in the form
R = R(¢,n3) R(0,n2) R(¢,n3),

where nz, ng are unit vectors along the 2, 3 axes and ¢, 1, 6 are the Euler angles. Write
down U(R) for this form of R and hence determine the form of Dr(izn'(R)' Show explicitly

1
that Dan) (R) changes sign under a rotation 6 = 27.

m/

Comment on the relation between the groups SU(2) and SO(3).
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How is a general SU(3) tensor, Tﬁfln'."ﬂ‘;"“ (e, 85 € {1,2,3}), defined?

How can it be decomposed into a sum of irreducible representations?

Determine the number of states in the highest dimension irreducible representation
obtained from this general tensor.

Quarks are spin—% particles described by fermionic (anticommuting) fields that
transform in the fundamental representation, denoted 3, of flavour SU(3) (when the light
quarks are taken to have equal masses and the heavy quarks are ignored), as well as the
3 of colour SU(3). There are three quarks in a baryon. Given that baryons are colour
singlets (colour ‘confinement’), deduce that baryon states in which the quarks have no
orbital angular momentum form either an 8 or a 10 of flavour SU(3), but cannot form a
singlet state. What are spins of the states in these multiplets.

Antiquarks are also spin—% particles that transform in the anti-fundamental repre-

sentation (the 3) of both the colour and flavour SU(3) groups. Determine the quantum
numbers of the possible SU(3) flavour meson multiplets (colour-singlet states made of one
quark and one antiquark).
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A general complex 2 x 2 matrix can be written as
A(u) = UOI + iui aj;,

where ug and u; (i = 1,2,3) are arbitrary complex numbers, o; are the Pauli matrices and
I is the two-dimensional unit matrix. What conditions need to be satisfied by (ug, u;) for
A to be a SU(2) matrix? Show that up may be expressed in terms of u = (uy, ug, us) and
motivate the statement that the group manifold of SU(2) is S3.

Use the group property, A(w) = A(u)A(v), to show that the action of an
infinitesimal transformation, A(v) = I 4 iv; 0;, generates an infinitesimal shift in u given
by

du; = vj pizi(u),

where fuj;(u) = ug 855 + up €.

Show that the action of the left-invariant vector fields,

0

Ti(u) = ipji(u) el

on the matrix A is given by T; A(u) = —A(u) o, and hence that T; are generators of the
algebra,
(T3, T}] = —2iejp Ty .

The expression [ dp(u) f(A(u)) denotes the integral of a function f(A(u)) over the
SU(2) group manifold, where dp(u) is the group invariant measure. Show that

dp(u) = -

= du,
|uol

and hence show that SU(2) is a compact group.

[You may assume that T;(u) is a left-invariant vector field on the group manifold.]

END OF PAPER
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