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Let r be a process defined by a constant ry and
Te41 = Pre+ &
for t > 0, where 3 is a given parameter and £1,&s, ... is a sequence of independent and

identically distributed random variables. Suppose the function K defined by K(6) =
log E[e%1] is everywhere finite.

(a)

Show that
t
e = ﬁt’l“() —+ Zﬁt_sgs
s=1
forallt>0.

Consider a market with an asset whose price B is given by By = 1 and
Biyr = "' By

fort > 0. For 0 <t <7, introduce a family of zero coupon bonds with prices
B
P(t,T) = E [—tm}
Br

where F; is the sigma-field generated by &1, ..., &.

Show that
P(t, T) = eQ(th)rt+R(t,T)

for non-random functions ) and R to be determined in terms of the parameter 3

and the function K.

Let p: Z+ — (0,00) be a given function with p(0) = 1. By replacing the original
model with
rev1 = Bre+ aer + &y,

show that there are constants a, as, ... such that P(0,7) = p(T) for all T' > 0.
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Consider a two-asset model where the price of asset 0 is By = 1 for all ¢ > 0 and the
price (S)¢>0 of asset 1 is a non-negative martingale. Introduce to this market a family of
contingent claims with payout /St indexed by the maturity date T > 0. Suppose that
the prices of these claims are given by the formula

C(t,T) = E[V/SrlF].

for 0 <t<T.

(a) Use Jensen’s inequality to show that for fixed ¢ > 0, the function T+ C(¢,T) is
decreasing almost surely.

(b) Suppose for the moment that the dynamics of S are given by
dSt = StO'()th

where W is a Brownian motion and og is a non-negative constant. Show that the
prices of the claims in this case can be written as C(t,T) = F(t,T, S, 00) for a
non-random function F' to be determined.

(¢) Now suppose that S is given by
dSt = StO'tth

for a bounded, predictable process o. Let 3(¢,7") be the unique F;-measurable
non-negative random variable such that

E[\/Sr|F:] = F(t,T,S,3(t,T)) almost surely,
where F' is defined in (b).

Suppose a < 0; < b a.s. for all t > 0 for non-negative constants a and b. If o and
W are independent, show

a<X(tT)<basforall 0 <t<T.

(d) By finding a suitable change of measure, show that the above inequality also holds
even when o and W are not assumed to be independent.
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Let Y = (Yi)eqo,.., 73 be a given integrable process adapted to the filtration

(]:t)te{o, ..,}- The Snell envelope of Y is the process U defined inductively by Ur = Yr

and

Uy = max{Y;, E[Uy11|F:]}

for0<t<T 1.

(a)

(b)

Show that U is a supermartingale. Show that U is a martingale if Y is a
submartingale.

Let &1, ..., & be an i.i.d. sequence of random variables, let Xy =0,
Xe =& +...+&,

and let F; be the sigma-field generated by &1, ..., & . Fix a measurable function
f:R — Randlet ¥; = f(X;). Suppose that Y; is integrable for each ¢ > 0, and
let U be the Snell envelope of Y. Show that there exists a deterministic function V'
such that Uy = V (¢, X3).

Prove by induction that if the function f is convex then the functions V'(¢,-) are
convex for each 0 <t < T .

[Recall that a function ¢ : R — R is called convex if

P[0z + (1 - 0)y] < 09(z) + (1 —0)9(y)

forall z,y e Rand 0 < 0 < 1]
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Consider a d + 1 asset, continuous-time model where asset 0 is a riskless numéraire.
Assume that the asset prices are modelled by a (d + 1)-dimensional It6 process (B, S).

(a) What is an arbitrage? What is an equivalent martingale measure? Prove that the
existence of an equivalent martingale measure implies the absence of arbitrage. You
may use standard facts from stochastic calculus without proof as long as they are
clearly stated.

(b) Now, suppose that for each share of asset ¢ held during the infinitesimal interval
(t — dt,t], the agent receives Didt units of money at time ¢ where the d-dimensional
dividend process D is continuous and adapted. Explain why the agent’s wealth
process X satisfies the two equations

Xy = ¢guBi+m -5
dXt = ¢tdBt+7rt-Dtdt+7rt-dSt.

(¢) Show that there is no arbitrage if there exists an equivalent measure Q such that

the process Y defined by
Sy t' D,
Y = — — dt
=5t B

is a Q-martingale.
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Consider a two asset, continuous time model (B, S) where

dBt = Btrdt
dSt = St(Mdt‘l-O'th)

for constants r, 4 and o > 0 and Brownian motion W.

(a) Introduce a claim with payout &7 = g(S7) where T' > 0 is the maturity date and g is
a bounded smooth function. Suppose the price of the claim is given by & = V (¢, S)
for a deterministic, bounded function V' which satisfies the Black—Scholes PDE.
Show that the payout & can be replicated by an admissible strategy (Wt)te[o,T]-

(b) Show that V can be expressed in the form
V(t,S:) = e—r(T—t)E[Q(Stea(t)er(t)z)]

where Z is a standard normal random variable, and a and b are functions to
determine.

(¢) Suppose g has a bounded derivative ¢’. Show that if g is an increasing function,
then &7 can be replicated by a strategy satisfying m; > 0 almost surely for all ¢ > 0.
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Consider a d + 1 asset, one-period model. Asset 0 is riskless with By = 1 and
By = 1+ for a constant r. Assets 1, ..., d have time-0 prices Sy € R? and time-1 prices
Sy with mean p = E(S;) and d x d covariance matrix V = E[(S] — u)(S1 — p)*]. Assume
V' is invertible.

(a) To this market, introduce a contingent claim with time-1 payout &; where &; is
bounded. Find the portfolio (¢*,7*) € R'*¢ which minimizes the expected squared
hedging error

E[(& — X1)?]

where X7 = ¢B1 + 7 - 5.

(b) Show that there exists a random variable p* such that the optimal initial capital
X§ = ¢*Bo+ 7" - Sy can be expressed in the form

Xy = E[p*&].

(c) Verify the equality E[p*S;] = Sy where S = (B, S). Prove that
E[p’] > E[(p")’]
for every random variable p such that E[pSi] = S .

(d) Now suppose S ~ Ng(u, V') has the normal distribution, and that £; = g(S1) where
g has bounded gradient Vg. Show that

1

X§ = ——Elg(s1)] + (so - %u) E[Vg(51)].

[You may use without proof the Gaussian integration by parts formula E[Z f(Z)] =
E[Vf(Z)], where Z ~ Ny4(0,I) and I is the d x d identity matrix.]

END OF PAPER
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