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Let S = X;+ ... + Xy (if N = 0 then S = 0) be a random sum with

‘steps’ X1, Xo, ... given by independent and identically distributed (iid) positive random
variables, and where the number N of summands is independent of the steps. Show that
S has moment generating function Mg(u) = Gn[Myx,(u)] where Gy is the probability
generating function of N and My, is the moment generating function of Xj.

A portfolio consists of n independent policies where for policy 4, i =1, ..., n, the

number of claims during an accounting period is IN; independent of the sizes of claims
which are iid with distribution function Fj.

(a)

Suppose that NV; has a Poisson distribution with mean A;. Show that the distribution
of the total amount T claimed on the portfolio during a typical accounting period
has a compound Poisson distribution. In the case where Fi =Fy = ... = F, = F
and F(xz) =1—e"", z > 0, show that the distribution function of 7' can be written
in the form

Fr(z) = a+ (1 —a)Fr(z), x>0,

where a is a constant in (0, 1) which you should specify, and where Fr has density

oo
~ 2\F rk—le—2
Jr(@) = kz_:l (e — Dkl (k-1
Now suppose that, for i = 1,...,n, P(N; = k) = ¢*p, k = 0,1, ..., where
g=1—pand 0<p<1,andthat F; = F, = ... = F, = F where F is as in (a).

Show that T is distributed as a random sum, and state the distribution of the steps
and of the number of summands for this random sum. When n = 2 show that

Fr(z) = b+ (1 —b)Fr(x), x>0,

where b is a constant between 0 and 1 and Fp is a distribution function. State the
value of b and write down a density for Fr.
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Consider the total amount claimed in a year on a particular risk where the number
of claims N has P(N =n)=p,, n=0,1, 2, ..., and where claims are independent and
identically distributed random variables X1, Xo,... independent of N. Suppose that

b
pn:<a+_>pn—17 n:1727"'
n

for some constants a and b. Suppose also that the claim sizes are positive and discrete

with P(X1 =j) = f;, j=1,2,.... Let S be the total amount claimed in a year, and let
gr=P(S=r), r=0,1, .... Show the following recursion for {g,}3 :
T bj
go =po, Gr = Z <a+7> figr—j 21,
j=1

Now assume that N has a Poisson distribution with mean A. Write down the
recursion for {g,}>° , for this case, and derive a recursion for {E(S*)}2°_ ;. Use this
recursion to find E(S), var(S) and E((S — E(S5))?) in terms of A and the moments of Xj.

In the classical risk model, let Mx(r) be the moment generating function of the
claim sizes, let A be the claim arrival rate, let the premium loading factor be 8 > 0 (so
that the premium rate is ¢ = (14 0)A\p where p is the expected claim size), and let 9 (u)
be the probability of ruin with initial capital u» > 0. You are given that there is a unique
positive solution R of the equation Mx(r) — 1 = (14 @)ur. Prove that 1 (u) < e~ f for
u > 0 (the Lundberg inequality).

(a) Suppose that the claim sizes are exponentially distributed with mean 1. Find R.

(b) Suppose that the claim sizes have density

fx(z) = e 204 Z e~ 2/3 x> 0.

Wl

Write down the expected claim size. Show that R is the smaller root of

314+60)r* — (80 +5)r+460 = 0.

If mistakenly the claims are assumed to be exponentially distributed with the same
mean, compare the resulting upper bounds on the probability of ruin given by the
Lundberg inequality.
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Let X; be the amount claimed on a risk in year ¢, ¢ = 1, 2, ..., and suppose that,
given 6, the X;’s are independent and identically distributed with density

gk 679/:15

@18 =~

=T z >0,

where k > 2 is a known positive integer. Suppose that the prior density of 6 is

A& 005—1 e—>\9

0) = ———— 0 >0
where « is a known positive integer and A > 0 is known. Suppose that Xi,..., X,
are observed and consider p(f) = E(X,4+1|0). Find cg, ¢1, ..., ¢, in terms of known

quantities such that E [(M(G) —co— 20 ciXi)2] is minimised. Define what is meant

by a credibility estimate, and show that ¢y + > ; ¢; X; can be written in the form of a
credibility estimate. Discuss the effect on the credibility factor as

(a) k increases while o and A remain fixed;

(b) the prior variance of 6 decreases while the prior mean of § and k remain fixed.

Find the Bayesian estimate of E(X,1|60) under quadratic loss. State whether or
not this can be written in the form of a credibility estimate.

[ Hint:

(i) You may assume without proof that if Y has density

eke—G/;r
f(z) = SR =T z >0,
where k€ {3,4, ...} and 0 >0, then
0 62 62
E(Y) = EY?) = ——————— d Y) = :
M =g=n " =aona—y ™ = Goeeoy

(ii) Let random variables U, V and W be such that U and V have finite second moments.
Then

cov (U, V) = E(cov (U,V |W)) + cov (E(U|W), E(V|W)).]
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