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1 In this question you may use without proof any facts you wish concerning conformal
isomorphisms and complex Brownian motion, provided these are clearly stated.

(a) What does it mean to say that K is a compact H-hull? Explain how to define
the half-plane capacity hcap(K). Show that for any r ∈ (0,∞) we have

hcap(rK) = r2 hcap(K).

Show further that
hcap(K) 6 rad(K)2

where rad(K) is the radius of the smallest ball centred on the real axis which contains K.

(b) Define for a compact H-hull K

c(K) = lim
y→∞

yPiy(BT ∈ K)

where B is a complex Brownian motion starting from iy and

T = inf{t > 0 : Bt 6∈ H \ K}.

Show that c(K) is well defined and that for any r ∈ (0,∞) we have

c(rK) = rc(K).

(c) Show that, for all compact H-hulls K we have

hcap(K) 6 rad(K)c(K).

2 Let (Kt)t>0 be an increasing family of compact H-hulls such that hcap(Kt) = 2t
for all t. What does it mean to say that (Kt)t>0 has the local growth property?

Define the Loewner transform (ξt)t>0 of (Kt)t>0 and show that (ξt)t>0 is continuous.
[You may assume that, for some C < ∞, for all compact H-hulls K and all z ∈ H \K, we
have |z − gK(z)| 6 C rad(K).]

State Loewner’s theorem for such families of compact H-hulls.

Let κ ∈ [0,∞). What is meant by saying that a continuous process (γt)t>0 is
SLE(κ) in (H, 0,∞)?

Show that SLE(κ) is scale-invariant.

Part III, Paper 27



3

3 Fix x, y ∈ (0,∞) with x < y and fix a ∈ (1/4, 1/2). Denote by (Xt : t < σ) and
(Yt : t < τ) the unique maximal solutions to the coupled Bessel stochastic differential
equations

dXt = dBt +
a

Xt

dt, dYt = dBt +
a

Yt

dt, X0 = x, Y0 = y.

Here B is a real Brownian motion. You may assume that, almost surely, the lifetimes σ, τ
are both finite, that Xt → 0 as t → σ and Yt → 0 as t → τ , and that, almost surely

A :=

∫

τ

0

dt

Y 2
t

= ∞.

Show that, for a suitable function χ, the process Nt = χ(Yt−Xt

Yt
) is a local martingale up

to σ, and deduce that

P(σ < τ) = φ

(

y − x

y

)

where φ is given by

φ(θ) ∝

∫

θ

0

du

u2−4a(1 − u)2a
, φ(1) = 1.

Explain the relevance of this calculation to the study of SLE.

4 Let Φ denote the conformal automorphism of the upper half-plane H such that
Φ(−1) = ∞, Φ(0) = 0 and Φ(∞) = 1. Let γ be an SLE(6) in (H, 0,∞) and let γ′ be an
SLE(6) in (H, 0, 1). Set γ∗

t
= Φ(γt). Write (gt : t > 0) for the Loewner flow associated

with γ and set ξt = gt(γt). Set

S = inf{t > 0 : γt ∈ (−∞,−1]}.

For t < S, write K∗

t
for the compact H-hull generated by γ∗[0, t] and write g∗

t
for the

conformal isomorphism H \ K∗

t
→ H such that g∗

t
(z) − z → 0 as z → ∞. Set ξ∗

t
= g∗

t
(γ∗

t
).

Consider for t < S the conformal automorphism of H given by Φt = g∗
t
◦Φ◦g−1

t
. You may

assume that Φt is C1 in t and extends analytically to (gt(−1),∞). You may assume also
the identities

hcap(γ∗[0, t]) = 2

∫
t

0

Φ′

s
(ξs)

2ds, Φ̇t(ξt) = −3Φ′′

t
(ξt).

(a) Show that (ξ∗
t

: t < S) is a local martingale.

(b) Define

T = inf{t > 0 : γt ∈ [1,∞)}, T ′ = inf{t > 0 : γ′

t
∈ [1,∞)}.

Show that (γt : t < T ) and (γ′

t
: t < T ′), considered up to reparametrization, have the

same distribution.

(c) Comment on the behaviour of γ and γ′ after they hit [1,∞). Where does your ar-
gument for (b) break down if one seeks to apply it beyond the time that γ and γ′ hit [1,∞)?
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