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1 Let g(z,y) satisfy the following initial-boundary value problem:
G+ Qs+ Quez =0, 0<zx <00, t>0,

q(7,0) = go(x), 0<x < oo,

q(0,t) = go(t), t>0,
where go(z) has sufficient decay as © — 00, qo(z) and go(t) have sufficient smoothness and
20(0) = go(0).
Assume that ¢(z,t) has sufficient decay for all ¢ as x — oc.

(a) Write the above PDE in the form
<e—ik:p+w(k)tq> + <e—ikw+w(k)tX> =0, kecC,
t T

where w(k) and X (z,t, k) are to be determined.

(b) Find an integral representation for ¢(x,t) in the complex k-plane involving
appropriate transforms of qo(z), go(t), ¢=(0,t) and ¢, (0, ).

(c) Use the associated global relation to eliminate the transforms of ¢,(0,¢) and
¢22(0,t) and hence obtain an integral representation for ¢(z,t) involving only transforms
of qo(x) and go(t).

(d) Prove that the expression obtained in (c¢) solves the above initial-boundary value
problem.
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2 Let Q be the interior of a convex polygon in the complex z-plane with corners
z1, ..., 2n- Recall that if ¢ satisfies Laplace’s equation for z € (2, then

Z———E ZZA-kdk, Q,
q 5 jl/lje q]() A

where y
J .
(jj(k) = / e_Zkzq,ZdZ7 .] = 17 ey My 41 = 21,

Zj+1

and {l;}} are the n-rays form the origin to infinity defined by
lj={keC:arghk=—arg(z; —zj+1)}, Jj=1,...,n, ZzZny1 = 2.

Using the above result, find an integral representation for ¢, in the case that €2 is the
interior of the first quadrant of the complex z-plane and ¢ satisfies the following boundary
conditions:

—q2(0,y)sin B1 + qy(0,y) cos B = g1(y), 0 <y < oo,
—qy(z,0) sin B2 + gz (x,0) cos B2 = ga(z), 0 <z <00,
where the complex-valued functions ¢;(y) and g2 (z) have sufficient smoothness and decay

and the real constants 31, (o satisfy

O<ﬁ1<7r7 0<52<7T7 ﬂl"’ﬁ?zgv n:0717273'

Hint: You may find convenient to introduce the following unknown functions

u1(y) = —qy(0,y)sin B — ¢-(0,y) cos B, 0 <y < oo,

u2 () = ¢z (2,0) sin B2 + gy (,0) cos F2, 0 <y < oo.

3 Obtain an integral representation for the solution of the following initial-boundary
value problem:
Gt = Gz + Oy, O<I’<OO, t>07

q(z,0) =e %, 0<zx< o0,
q(0,t) = cost, t>0,
where o and a are positive constants and « # a.

Use appropriate contour deformation to obtain an integrand which decays exponen-
tially for large k.

Suppose that exp(—ax) is replaced with go(z), where go(x) has sufficient decay. Can
this problem be solved by an x-sine transform?
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