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This question uses the conventions below.

[Va, Vbva = Raped?®
Rab = Racbc

The spacetime has dimension 4 over the reals and has signature (+, —, —, —).

The connection is a metric connection.

(a) Write down the symmetries of the Riemann tensor and the Ricci tensor.

(b) Prove that [V/4, V] may be written in the form
[Vaa,VBpE|=exp Dap +eapDap

in two-component spinors, where A p and A /g are symmetric in their indices.

Write expressions for A p and A 4/pr in terms of N/ ap'.

(¢) Prove that for any function f

AaB (f a050/> =f (ﬂcl Aapa®+a Ayp 50/) :

(d) By considering a simple anti-self-dual bivector
Wabh = APBEA B

and using the symmetries of the curvature prove

AAB (a(AﬂB)> =0.

(e) Using the above information, or otherwise, explain why it is reasonable to write

D
Aapoc = Xappco
for some
Xapep =VYapep — Aépaepyc

such that
XaBcep = XaBy(cD)

Vapcp = ¥ (aBeb)

where A is to be found in terms of contractions of Xsgcp.
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Given that twistor space is T = C* and Fyo(T ) is the correspondence space between
complexified compactified Minkowski space, M, and projective twistor space, use this

correspondence,
Fio

v,/ N\
M PT

and the twistor incidence equation,

A . AA’

where
Z% = (wA, Tar)

is a twistor, to identify the following geometric relationships.

(a) Define the inverse correspondence of a point p in M via the above double fibration by
AL —1
pi=pov (p)
Prove if p is a point in M then p = CP.
(b) Define the correspondence of a point g in PT' via the above double fibration by
~ —1
g=vopu (q)
Prove if ¢ is a point in PT then § = CP2.

(c¢) Define a- and (-planes and describe the intersection in M of
(i) 2 distinct a-planes.

(ii) an a-plane and a (-plane.

(d) If two null geodesics meet in real Minkowski space, what condition does this place

on the corresponding twistors, X and Y® in PN?

(e) Given two colinear null twistors X and Y in PN, what does this imply about

the possible intersection of the corresponding alpha-planes in M?

(f) How is a null cone in real Minkowski space characterised in projective twistor space?
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Consider the twistor space is 7 = C* and the double fibration,

Fio

v, N\ i
h2> F

(a) Let V' be a complex vector space with dimV = n.
What is the dimension of a flag manifold Fy,...q, (V)7

Using your answer above find the dimensions of the spaces, Fi, I3, Fis for the twistor
space T = C*, and identify them physically.

(b) Given that SL(4,C) acts transitively on 7' — {0} prove SL(4,C) acts transitively on
flags [Li,- -, L)

(c) The action of SL(4,C) is equivariant on the double fibration above.

Explain the meaning of this statement.

(d) Let p=

1
8 be a point in Fy. Define H, := {g € SL(4,C) : g(p) = p}.

0

Find the form of matrices in H,, and hence show

F, =~ SL(4,C)/H, .

Does the quotient space form a group? Justify your answer.

Write an essay describing the Plucker embedding into CP°. Pay particular attention
to the relationship between the Euclidean and Lorentzian real spacetimes and their
conformal compactifications. Will the physicists’ idea of Wick rotation sending t — it
be compatible with the conformal compactifications?

END OF PAPER
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