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1 A twisted nematic display device is constructed from two plates parallel to the
xy plane, one intersecting z = 0, the second at z = L, with a nematic liquid crystal
in between. Let the director n be described by polar angles 0(x,y, z) and ¢(x,y, z), so
n = [cos 6 cos ¢, cos O sin ¢, sin ]. Assume the surfaces of the plates touching the nematic
are treated so the boundary conditions on the director are ¢(x,y,0) =0, ¢(z,y, L) = /2,
forcing it to undergo a rotation of 7/2 from the bottom plate to the top plate. In the
presence of an electric field the director will be a minimiser of the Franck elastic energy

1
F=3 /d% {Kl(v n)? + Ky (Vxn)> + Kznx (Vxn)]? - 8i (E- n)z} ,
T
where K; are the elastic constants. and € is the dielectric constant anisotropy. Explain
the physical meaning of the three elastic terms in this functional.

Suppose the electric field is E = (0,0, Ey), normal to the plates. Show that the free
energy density has the form

AN dp\>  eE?
310 (52) +390 (52) - G e, (1)

and find f(0) and g(6).

Find the variational (Euler-Lagrange) equations corresponding to (1), and verify
that in the absence of the field the twisted profile = 0, ¢(z) = 7z/2L is a solution.

Assuming that near the onset of a field-induced transition the angle 6 is everywhere
small, and vanishes on the top and bottom plates, one expects it to take the form
0(z) ~ Bysin(nz/L). Use this trial solution in the Euler-Lagrange equations to show
that the critical voltage for the onset of an instability is

1 1/2
V. =22 K, + 1 (K5 = 2K3) eV

The resulting director profile is useful in display technology. Practical devices have
plates which are crossed polarizers, and a mirror sits beneath the bottom plate. L is
taken much greater than the wavelength of light, so the plane of polarisation adiabatically
follows the director field. Explain how the application of a voltage allows this display
technology to function.
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2 Consider the Langevin equation for a single particle of mass m, drag coefficient ~
and random forcing A’(t),

mcfi—ltl = —yu+ A'(t) . (1)

Assume the random force has zero mean and a variance < A’(t)-A’(t') > that is a function
o(|t — t'|) decaying very rapidly with ¢ — ¢/, satisfying ffooodygb(y) = m?27. If u(0) = uyg
and r(0) = rg are the initial velocity and position, solve (1) to obtain U = u(t) — uge™¢*
formally in terms of A, where ( = v/m and A = A’/m. From this deduce the variance
(U?) and thereby determine 7 from equipartition.

In order to evaluate higher moments of U, assume that the random process A(t) is
Gaussian, so

(A(t1)A(t2) - - A(tan41)) =0
(A(t)A(t2) - Altan)) = Y (A(t:) A(t;))(A(tr) A(t)) -

all pairs
Considering carefully the number of pairs in the above sum, show that the moments satisfy
(urthy = o
(U™ = (2n — 1)U

where (2n — 1)!! = (2n —1)(2n —3) ... 1, and hence that the probability distribution of U
is Gaussian,

|2
W(u7 t; U.()) =

3/2 —Ct
m m|u — upe

ex —
ok T(1 — eZCt)] P [ 2%pT(1 — e—2¢0)

Integrate the equation for u to obtain the position vector r. Find the mean and
variance of r. Examine the short and long-time behaviour and explain the distinction
between the two.
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3 Consider a semi-infinite elastic filament lying along the positive z-axis. The
approximate equation of motion for small-amplitude perturbations y = h(z,t) to the

straight equilibrium is
Cht = _Ahmm:v:r )

where ¢ is the perpendicular drag coeflicient and A is the bending modulus. Suppose
the filament end at the origin is forced up and down so that the boundary conditions are
h(0,t) = ho cos(wt) and hy,(0,t) = 0, while, as  — oo, h and its derivatives vanish.

(a) Using dimensional analysis, find a characteristic length scale ¢(w) for this
problem in terms of A, {, and w.

(b) Show that the solution to this boundary-value problem can be obtained by

separation of variables, .
h(z,t) = hoR {eZ“tF(n)} ,

where n = z/¢(w). Find the ode obeyed by F.

(c) Find the two solutions of the characteristic equation that satisfy the boundary
conditions on F' at x = oo, and the amplitudes of those terms that satisfy the boundary
conditions at x = 0. Show therefore that h(x,t) is a superposition of two travelling waves
which decay with increasing z, one moving to the left, and one to the right. Which one
dominates?
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4 A wormlike polymer of contour length L is subject to an external force f acting at
its two ends, directed along the z axis. The effective energy is

1 L
S—A/dsnz—fz,
2 Jo

where A is the bending modulus, z is the end-to-end extension, and ds is the differential
of arclength s. Consider the high-force limit, where the chain’s configuration deviates only
slightly from a straight line. Then the tangent vector t fluctuates only slightly around
Z, the unit vector in the z direction. If we take ¢, and ¢, as independent fluctuating
components, the constraint [t| = 1 shows that ¢, deviates from unity quadratically in the
vector t | = (t;,t,). Show that to quadratic order the energy is

£ = ;/ds [A(8.6.)? + f62] - fL .

Use equipartition to find the thermal average (t%), being careful to account for
the two independent components of t,. From this, show that in this high-force limit the
force-extension relation takes the form

_ ., _ |keT
B AL,

Compare this asymptotic result with that for the freely-jointed chain composed of N links,
each of length b.

IR

Calculate the correlation function C(y) = ((1/L) fOL dsti(s)-ti(s+r)) of the
tangent vector and thereby find the correlation length £, the length scale for decay of

C(y).

END OF PAPER
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