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1 The two following states

|Ψ1 〉 =
√
p| 000 〉ABC +

√
1− p| 111 〉ABC , |Ψ2 〉 =

1√
2

(| 000 〉ABC + | 111 〉ABC)

are asymptotically equivalent under local operations and classical communication (LOCC).
That is, there exists an LOCC protocol which has probability P (n) of transforming n copies
of |Ψ1 〉 into f(n) copies of |Ψ2 〉, and then back to n′ copies of |Ψ1 〉, where P (n)→ 1 as
n→∞ and n′ = n[1−O(1/

√
n)].

(i) Calculate the pure state entanglement (measured by the von Neumann entropy)
across all bi-partitions and determine the relative entropy of entanglement of all pairwise
reduced density matrices for both states. Use your results to determine f(n) to leading
order in n.

(ii) Sketch an explicit protocol for the asymptotic transformation of |Ψ1 〉 into |Ψ2 〉.
Verify that the value of f(n) produced by this protocol matches the result obtained in (i).

2 Consider a linear operation O which, given a quantum state ρ as input, produces
as output a classical “outcome” k together with a quantum state ρk, with the probability
of the k-th outcome being Pk. Let µ be a real function defined on density matrices, and
define

F (ρ) = inf
∑

j

pjµ(ρj) ,

where the infimum is taken over all decompositions ρ =
∑

j pjρj of ρ into a mixture of pure
states ρj . Prove that if F is non-increasing under the operation O for pure initial states,
then it is also non-increasing if the initial state is mixed, i.e. that F (ρ) >

∑
k PkF (ρk),

for any quantum state ρ with output states {ρk} and probabilities Pk.

(You may use without proof Bayes’ Theorem, i.e. that

Prob(jk) = Prob(k)Prob(j|k) = Prob(j)Prob(k|j) ,

where Prob(jk) is the joint probability of events j and k, Prob(j) is the probability of event
j, Prob(j|k) is the conditional probability of event j given event k, and so on. You may find
it helpful to consider a system prepared in a randomly chosen state ρj before the operation
is applied, and to take Prob(jk) to be the probability of outcome k and preparation ρj ,
Prob(j) to be the probability of preparation ρj , Prob(k) to be the probability of outcome
k, Prob(k|j) to be the probability of outcome k given that the operation was performed
on preparation ρj , and Prob(j|k) to be the probability that state ρj was prepared given
that outcome k was obtained.)
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3 (i) State and prove the Schmidt decomposition theorem for a pure state |ψ〉 in
H1⊗H2, where H1 and H2 are Hilbert spaces of finite dimensions n1 and n2 respectively,
with n1 6 n2.

(ii) Describe the quantum teleportation protocol for transmitting an unknown qubit
from A to B, using two bits of classical communication, one maximally entangled shared
state of two qubits, and local operations.

4 State EPR’s proposed criterion for identifying an element of physical reality. A
physical system of N separated particles is described by N qubits in the quantum state

|ψ〉 =
1√
2

(
| ↑1 . . . ↑N 〉 − | ↓1 . . . ↓N 〉

)
.

By considering the action of the operators σx ⊗ σy ⊗ σy . . . ⊗ σy, σy ⊗ σx ⊗ σy . . . ⊗ σy,
. . ., σy ⊗ σy ⊗ σy . . . ⊗ σx and σx ⊗ σx ⊗ σx . . . ⊗ σx on |ψ〉, show that the predictions of
quantum theory for the outcomes of local measurements on this state conflict with those
implied by the EPR criterion when N = 4M + 3, for any non-negative integer M .
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