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1 Prove that if 6 > 0 and N is sufficiently large, then every subset A C {1,2,...,N}
of cardinality at least 0V contains an arithmetic progression of length 3.

2 Let A be a subset of cardinality n of an Abelian group G. Prove the following
assertions about A.

(i) Let a > 0, and suppose that there are at least an® quadruples (z,vy, z,w) € A*
such that z +y = z + w. Then A has a subset B of cardinality at least cn such that the
difference set B — B has cardinality at most Cn, where ¢ and C' are positive constants
that depend on « only.

(ii) If A — A has cardinality at most Cn then 24 — 24 has cardinality at most Kn,
where K is a constant that depends on C only.

(iii) If G is the group Zy, and if n > 6N, then 24 — 2A contains an arithmetic
progression of length aN?, where a and b are positive constants that depend on € only.

3 (i) Let G be an Abelian group and let f : G — C. Define the U3-norm || f|ys of f,
and prove that it is a norm.

(ii) Let a be a positive constant. Suppose that || fi||cc < 1 for 1 < i < 4, and that

Il fillos < « for at least one i. Prove that

Ee.a f1(2) f2(2 + d) f3(x + 2d) fa(x + 3d)| < B,

where 3 is a positive constant that tends to zero as « tends to zero.

(iii) Let A be a subset of Zy of cardinality at least 6NV, and let o > 0. What does
it mean to say that A is quadratically a-uniform? Prove that if « is sufficiently small
and A is quadratically a-uniform, then A contains a “genuine” arithmetic progression of
length 4: that is, a set of size 4 that continues to be an arithmetic progression when it is
identified in the obvious way with a subset of {0,1,..., N —1}.
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