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Section I

1 What is a filter? What is a convergent filter? What is an ultrafilter?

State without proof a theorem which characterizes compact Hausdorff topological
spaces in terms of ultrafilters.

Suppose that U is an ultrafilter on X and that X = A1 ∪ · · · ∪An is a partition of
X into disjoint sets. Show that Aj ∈ U for some j . State and prove a converse result.

Define the image f(F) of a filter on X under a mapping f : X → Y . Show that if
U is an ultrafilter then so is f(U).

Let U be an ultrafilter on the natural numbers N
¯

which contains no finite sets.
If x = (xn) ∈ l∞, let ax(n) = (x1 + · · · + xn)/n . Show that ax(U) converges, to l(x),
say. Show that l is a positive linear functional of norm 1 on l∞. Show that if xn → l as
n→∞ , then l(x) = l . Show that if x ∈ l∞ and S(x) = (x2, x3, . . .) then l(x) = l(S(x)).

2 Suppose that (Ω,Σ, µ) is a measure space, with µ(Ω) <∞ , and that ν is a measure
on Σ with ν(Ω) < ∞ . Show that there exists a non-negative f ∈ L1(µ) and a set B ∈ Σ
with µ(B) = 0 such that ν(A) =

∫
A
f dµ+ ν(A ∩B) for each A ∈ Σ .

What does it mean to say that ν is absolutely continuous with respect to µ? Use
the result above to characterize such measures.

3 Suppose that G is a compact Hausdorff topological group. If g ∈ G and f ∈ C(G),
let lg(f)(x) = f(g−1(x)). Show that this defines a continuous action (the left regular
action) of G on C(G).

Show further that the mapping (g, φ) → l′g(φ) is a continuous action of G on the
unit ball B′ of (C(G))′, with the weak*-topology.

Explain briefly how this is used to establish the existence of left Haar measure µl

on G.

By considering the right regular action and right Haar measure µr, show that µl is
unique, and equal to µr.
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Section II

4 Suppose that A is a unital Banach algebra. What is the spectrum σA(a) of an
element a of A? State, without proof, which subsets of the complex plane can be the
spectrum of some element of some Banach algebra.

Show that if p is a polynomial, then σA (p (a)) = p (σA (a)) .

Suppose that B is a closed unital subalgebra of A, and that b ∈ B. Show that
σA(b) ⊆ σB(b) , and the boundary of σB(b) is contained in the boundary of σA(b).

Suppose that a ∈ A . Show that there is a closed commutative unital subalgebra C
of A for which σC(a) = σA(a).

Suppose that a ∈ A. Let D be the smallest closed unital subalgebra of A containing
a. Show that the complement of σD(a) is connected.

5 Suppose that a and b are elements of a unital Banach algebra A. Show that if λ is
a non-zero element of the spectrum of ab, then λ is in the spectrum of ba.

What is a positive element of a unital C∗-algebra A? Show that if a ∈ A then a∗a
is positive.

Suppose that a, b and b2 − a2 are positive. Show that b − a is positive. Explain
briefly why b− a has a positive square root.

Suppose further that a is invertible. Show that b is also invertible.

END OF PAPER
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