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1 Consider a Parker wave dynamo model for a mean magnetic field B = B(z,t)es +
V x A(z,t)ey in the form

0A ?A OB 0A 9°B
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Here Q is a constant, but @« = e @ = €~

« 1S a constant.

apsinwT, T = t/e, € is a small parameter, and

Defining A = A + A(7), B =B+ €B(7), where the overbar indicates an average
over the fast (7) timescale, and A, B have zero average, show that the equations for A, B
take the form

|
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where a5 = —COB/dz, and the constant C' is to be determined.

Look for solutions of these equations proportional to e*?*t = and show that
growing solutions exist if QQC' is sufficiently large. Give a physical explanation why o
is real, so that the dynamo waves do not travel.

2 Diffusionless waves, describing disturbances to a uniform magnetic field B in a
fluid rotating with angular velocity €z, in the presence of gravity —gz and a uniform
temperature gradient —( in the z-direction, are described in the Boussinesq limit by the
equations

p (a“ + 202 x u) =—Vp+ (o) 'B- Vb + aplgz,

ot
a0
a_ﬁuzy
Ob
E—BVU,

together with V-u=V.-b =0.

(i) Seek solutions in which all the variables are proportional to exp(ik - x — iwt),
and show, by taking the curl of the momentum equation to eliminate p, and eliminating
all variables in favour of u,, ( = (V x u), and 6, or otherwise, that the dispersion relation
giving w in terms of k and the other parameters takes the form

. 2
A% — 4022 + PP A (K2~ 12) =0, where A =w - BB
w 10 pw

(ii) Now suppose that |Q] is very large, and that k2 ~ k2 ~ k2. Show that the
dispersion relation has two types of solution: one in which |w| = O(|€?]) and another in
which |w| < [Q]. In the latter case give the leading order approximation to w, and thus
determine conditions on the parameters so that w is real.
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3 A model of parity interactions in mean field dynamo models consists of the coupled
system for complex amplitudes A, By of fields in one hemisphere and As, By of fields in
the other:

0A 0B )

78151 = o1 Bi+€e¢ By — Al, 87151 =10A; —e24s — By,
0A 0B ,

671;2 = —01232 — €1Bl — AQ, 87: = —ZQAQ + 62A1 — Bg.

The parameters €1, €2 couple the behaviours in the two hemispheres.

(i) Initially @1 = as = ap(const.), so that the system is linear. Show that the
equations admit dipole solutions with A; = Ay, By = —Bs5, and quadrupole solutions
with A = —As, B; = Bs. Seek marginally stable solutions in each case in which all
the amplitudes are proportional to exp(iwt) for some real w and find conditions on the
parameters that determine which of these two types of solution becomes unstable at the
smaller value of |ap$2].

(ii) Now put €3 = 0 and consider a model of a-quenching in which oy = a9 —p|B1?,
as = ag — p|Ba|?, where p is a positive real constant. Show that dipole and quadrupole
solutions proportional to exp(iwt) (where w is to be determined) still exist if || is
sufficiently large, and give an expression for |Bi|?> = |Bs|? in this case for each parity.
Give also conditions on the parameters that permit solutions with the same simple time-
dependence for which |A;| # |As|, |B1| # |Bz2|. How should such solutions be interpreted
physically? [Hint: Choose w =1 and set By, By to be real.

4 Write an essay on magnetoconvection. Your essay should cover the effects of
an imposed magnetic field on scale selection, the occurrence of oscillatory motion, and
subcritical convection at large R,,.
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