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1 (i) Explain the difference between comoving and physical (proper) coordinates.
Which subtends a larger angle on the sky at redshift z = 3: a transverse distance of 5
proper Mpc or of 5 comoving Mpc? In the small angle approximation, what is the factor
which relates the two angular sizes?

(ii) From the Friedmann equation

a a? 3 p 3

show that, in a Friedmann-Robertson-Walker universe, the scale factor evolves with time
according to the equation:

2 2 2 ag a%
a = H()a Qm,()is + Qk,Oj + QA,O )
a a

where H is the Hubble parameter, Q,,, i, and 25 are the fractions of the critical density
contributed, respectively, by matter, curvature and the cosmological constant, and the
subscript 0 denotes the present time. You may use natural units, whereby ¢ = 1, and
assume that radiation makes an unimportant contribution to the mass-energy density, i.e.

Qrad =0.

(iii) Hence show that in a universe with a positive cosmological constant, the
expansion rate @ reaches a minimum when the scale factor attains the value:

B Qm,o 1/3
Gmin = QQA70 ag .

(iv) Derive an expression for @ when a = amin in terms of the parameters Q,, o, Qx o,
QA,Oa H07 and Gmin -

(v) In a flat universe, what is the value of the parameter E(z) = [H(z)/Ho]? at the
redshift z where a = amyin?
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2 (i) Show that in a flat universe with only matter and a cosmological constant
(0 = 0; Qraa,0 = 0; Qo # 0; Qa0 # 0), the comoving particle horizon at redshift z is
given by the expression:

2/ =00 c
Th :/ dz’
=2 Ho/Qmo(l+2)3 + Qayo

(ii) Solve this integral in the Einstein-de Sitter case (Qx 0 = 0; Qm o =1; Qa0 = 0).

(iii) If Qp,0 > 0, a universe with the properties described at (i) will continue to
expand so that @ — oo and z — —1. Sketch the Q4 ¢ = 0 solution for r(z) in the interval
—1 < z < 2. On the same axes, sketch the behaviour of r,(z) for our own universe, where
Qo ~ 0.3 and Qx 0 =~ 0.7 (you do not need to solve the integral for this latter case).
Assume that the quantity Ho{)y, o takes the same value in both cases. Suggest a physical
interpretation for the behaviour of 7,(2) in the 4 0 > 0 universe.

(iv) A photon leaves today (¢ = o) from the present particle horizon. Assuming
an Einstein-de Sitter universe, at what time will the photon arrive at the Earth? Express
your answer in terms of the present age of the universe.

3 (i) An intergalactic gas cloud produces a Lyman alpha absorption line at redshift
¢ in the spectrum of a quasar at emission redshift z,. Derive an expression between the
distance d.q of the cloud from the QSO and the redshift difference 6z = z4 — z., under
the assumption that 0z is small (0z < z,). Give your answer in terms of the density
parameters (), o and 2, o, assuming a flat cosmology with Qx o = 0 and 2,40 = 0.

(ii) Calculate the approximate distance in A~ Mpc between a Lyman alpha cloud
at z. = 3.0 located in front of a quasar at zy = 3.1, in an Einstein-de Sitter cosmology.

(iii) Typically, the emission redshifts of quasars z, have an associated error

% ¢ = £1000km s~!, whereas the absorption redshifts of Lyman alpha clouds are

much more precisely determined, so that Az, < Azq. What is the resulting uncertainty
Adgq
deq

in the distance between the Lyman alpha cloud and the quasar in (ii)?

(iv) Explain what is meant by the ‘Proximity Effect’ and explain how this effect
can be used to measure the intensity of the metagalactic ionising background. Your essay
should include a description of the Lyman forest and its redshift evolution. Discuss the
likely origin of the metagalactic ionizing background.
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4 The lens equation for a thin, spherically symmetric, gravitational lens is given by:
Dqs 4GM (0
5= Do 10 1)
DSDd c%0

where 3 and 6 are, respectively, the source and image positions from the centre in angular
coordinates; Dgs, Ds and Dy are deflector-source, source and deflector angular diameter
distances respectively; M () is the mass enclosed within #, and the other symbols have
their usual meaning.

A simplified model often used to describe the mass distribution of a galaxy or galaxy
cluster is a singular isothermal sphere (SIS), whose projected surface mass density is:
o2

T 2G¢

%(8) (2)

where ¢ is the physical (proper) distance from the centre and o is the velocity dispersion.

For the rest of the question you may use: ¢ = 3 x 108m s™!; 1Gpc = 3 x 102 m;
G=7x10""Nm? kg=2?; 1 My =2 x 103 kg.

(i) A distant galaxy lies behind a foreground cluster of galaxies and an Einstein
ring is produced.

What is the condition for the production of an Einstein ring?

From eq. (1) write an expression for the Einstein radius as a function of the enclosed
mass.

If the background galaxy and the foreground cluster are at distances such that the

ratio D = 1 Gpc™1, calculate approximately the enclosed mass (in solar masses M) if

s

the Einstein ring has a radius of 1 minute of arc (~ 3 x 10~ radians).

(ii) Assuming that the mass distribution of the lensing cluster can be approximated
by a singular isothermal sphere, use egs. (1) and (2) to derive an expression for the Einstein
radius in terms of the velocity dispersion o and the ratio of angular diameter distances
Dgys/ Ds.

Hence obtain an approximate estimate for the velocity dispersion of the cluster if
Dys/Ds = 0.5.

(iii) Consider now the case where the background galaxy is not as well aligned
with the cluster centre as in (i), but is located 4 minutes of arc from the axis joining the
observer and cluster centre. Are multiple images of the galaxy seen by the observer? Give
a reason for your answer.

State the relationship between the convergence r and the deflection angle
a=(06—0)(0/0), and thereby show that k = 0 /26.

If the galaxy were intrinsically circular, describe qualitatively how it would appear
to an observer on Earth.

If the magnitude of the shear is equal to the convergence (|| = k), calculate the
magnification factor.
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(iv) Describe in a few sentences what is meant by cosmic shear and explain its
importance in physical cosmology.

END OF PAPER
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