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1 Let U : R — R U {—o0} be a utility function that is finite, twice-differentiable,
strictly increasing and strictly concave on the interval (0,00) and such that the Inada
conditions hold. Let the conjugate function V : R — R U {oco} be

V(y) = i‘ipo[U (z) — xy].

Show that V is finite, twice-differentiable, strictly decreasing and strictly convex on (0, o)
and satisfies

limV'(y) = —oo and lim V'(y) = 0.
y10 yToo

Now consider a market with cash (that is, zero-interest rate) and d assets whose
prices are given by the d-dimensional process (S,)n>0. Assume this market is free of
arbitrage. Let

u(z) = sup E[U (X} )]
™

N-1

where X7 is the wealth at time N for an investor using trading strategy m = (m,),,_g

with initial wealth Xy = z, and let
v(y) = infE[V(yZn)]
ZN

where the infimum is taken over all state price densities Zy.

Prove that the inequality

u(z) < ;g%[v(y) + zy]

holds for all z > 0.

What does it mean to say the market is complete? Prove that if the market is
complete then there exists a unique state price density. Compute u(x) for x > 0 as
explicitly as you can in the case when the market is complete and

_ flog(z) ifx>0
U(x)—{ —oo ifz <0.
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2 Consider an investor whose wealth (X;);>¢ is given by
dXt = Gt . (Mdt + O'th) - Ctdt

for constant vector ;4 € R? and d x d matrix o and a d-dimensional Brownian motion
(Wi)¢>0. Write down the Hamilton-Jacobi-Bellman equation associated with the problem
of maximizing

T
E <Uwealth (XT) + / Uconsumption(cs)ds>
0

over admissible controls (6;)c(o,7) and (Ct)ie[o,7], Where the utility functions Uyearsn and
Uconsumption are positive, increasing, and concave on the interval (0, co).

Let V : Ry x[0,T] — Ry be the solution to the Hamilton-Jacobi-Bellman equation.
Prove that

T
E <Uwea1th(XT) +/ Uconsumption(cs)d3> S V(X07 0)
0

Show that the Hamilton-Jacobi-Bellman equation has a solution of the form
V(z,t) = f(x)g(t) in the case Uyealth(2) = Uconsumption (Z) = 2v/.

3 Let (Wi)i>0 be a d-dimensional Brownian motion and A ~ N(XAo,Vj) be an
independent Gaussian random vector with given mean Ay € R? and covariance matrix
Vo. Let

Yi =AM+ W;

and (G¢)¢>0 be the filtration generated by (Y3):>o.

Prove that the conditional law of A given G; is N (\¢, V;) for parameters \; and V;
to be determined.

Show that the process (Wt>t20 is a Wiener process adapted to (G;);>0 where
A t
W, = W, +/ (A — A)ds.
0
Let

1 1 - 1 —
Zy = det(I + tVp)Ze 2™ Ve Akl Voo,

Prove that (Z;);>¢ is a supermartingale for (G;)¢>o.
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4 Consider a market with cash and d assets whose prices have stochastic dynamics
dSt = dlag(St)(utdt + O'tth)
for a R-valued Wiener process (W;);>0, a bounded R%valued process (i;);>0, and a

uniformly elliptic d x d matrix-valued process (o¢)¢>0, all adapted to the filtration (F;)¢>o.

Consider an investor who does not consume. What is an admissible trading strategy
for this investor? What is an arbitrage?” Prove that this market is free of arbitrage.

Let

_1ft 246— [t a..
Z—e 2f0|>\5| ds fo)\deS

where \; = o/ ! pe. Prove that the process (Z:S;)i>0 is a local martingale. Prove that

(Z¢St)t>0 is a true martingale if (o¢)¢>0 is bounded.

END OF PAPER
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