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1 Let g be the 3-dimensional Lie algebra over C with basis p, ¢, ¢ and bracket
[pa Q] =c [Cvp] = [67 Q] = 0
(i) Determine the derived and central series for g. Is g nilpotent, solvable or neither?

(ii

(ii

Determine all the irreducible finite dimensional representations of g.
Find an irreducible faithful representation of g.

)
)
)
)

(iv) Find a faithful finite dimensional representation of g.

2 Let

g = 500,41 = {A € Maty,1|AT+JAT =0}, J =

and t = diagonal matrices in g.

(i) Decompose g as a t-module, and hence write the roots R for g. Choose positive
roots to be those occurring in upper triangular matrices. Write down the positive
roots R, the simple roots m, the highest root 6, and the fundamental weights.
Write down p.

Draw the Dynkin diagram and label it by simple roots. Draw the extended Dynkin
diagram.

(ii) Show that sos ~ spy.

(iii) For each root a € R, write the reflection s, : t — t explicitly. Describe the Weyl
group W (you do not need to prove your answer).

(iv) Let V = C?"*! be the standard representation of s0g, ;. Draw the crystal of V,
and of V® V. Write the highest weight of each irreducible summand of V' ® V.

(i) State the Weyl dimension formula, briefly defining the notation you use.
(ii) Draw the root system of Gs, and the fundamental weights w1, ws.

Write down the dimension of the irreducible representation with highest weight
niwy + nows, ni,n9 € N,
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4 Let g be a Lie algebra, V' a representation of g. Show there is a homomorphism of
g-modules from g ® V to V. Hence conclude that if g is semisimple and V' is a non-trivial
simple representation, that V occurs as a summand of g® V.

(i) Let V be a representation of sly. Define the character of V', and explain why it is
a unimodal Laurent polynomial.

(ii) Let

nl  [n]ln—1]...[n —k+1] e g
[k]_ k=1, “heeld="—

Show [Z] is a unimodal Laurent polynomial.
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