5% UNIVERSITY OF
WP CAMBRIDGE

MATHEMATICAL TRIPOS Part 111

Monday 2 June 2003 1.30 to 3.30

PAPER 61

BOUNDARY VALUE PROBLEMS FOR INTEGRABLE PDE’S

Attempt TWO questions.
There are three questions in total.

The questions carry equal weight.

You may not start to read the questions
printed on the subsequent pages until
instructed to do so by the Invigilator.
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1 Let g(z,t) satisfy the following initial-boundary value problem

q(x,0) = qo(z), 0<z< o0,

Q(Oa t) = gO(t)v QI((]? t) =01 (t)a t> Oa
where ¢o(x) has sufficient decay as x — 00, qo(z), go(t), g1(t), have sufficient smoothness,
and qo(0) = g0(0), 4o(0) = 91(0).
(a) Write equation (1) in the form
(e—ikx+w(k)tq) + (e—ikz—l-w(k)tX) =0, keC
t

xT

where w(k), X (z,t, k) are to be determined.

(b) Find an integral representation for ¢(x,t) in the complex k-plane involving
appropriate spectral functions.

(c) Use the global relation to express the spectral functions in terms of the Fourier
transform of go(x) and of an appropriate t-transform of go(t) and g1(t).

(d) Rewrite the spectral functions in a form suitable for analyzing the long time
behaviour of the solution.
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Mo = @z — tkos + qp,
NQD = Pt + Prxx + 3qg0w,
It can be shown that the KdV equation

admits the Lax pair
Mp =0, Ne=0.

Let ¢(k,z,t) be the unique solution of the linear integral equation

. 3 l t : 3
p(k, z,t) 4 ieFe R /L “Og f]; Laa(p) = etk +i0), (1)

where L and d\ are appropriate contour and measure respectively. Define ¢(z,t) by
0
1) = =5 | olhsz,)AD) @)
TJL

(a) Show that M satisfies the homogeneous version of (1).

(b) Show that N satisfies an equation similar to (1) but with the r.h.s. 3ikMep
instead of expli(kz + k3t)].

(c) Deduce that equations (1) and (2) provide a linearisation of the KdV equation.

(d) Use (1) and (2) to obtain a system of algebraic equations describing the n-soliton
solution of the KdV.

(e) Write explicitly the 1-soliton solution.

Paper 61 [TURN OVER



5% UNIVERSITY OF
WP CAMBRIDGE 4

3 It can be shown that the modified KdV equation
Qt — Qzaax + 6>\q2qgt =0, A==,
admits the following Lax pair
pz — ikosp = Qu,
pe + 4ikPG3p = Qu,

where
6-3” - [03JM]7 03 = dlag (17 _1))

_ (0 ¢
o= —2iMkq> —4k?q + 2ikqe — 20¢° + qua
T\ (—4K%q — 2ikq, — 27¢® + Gax) 2i\kq? '

Let g be a real valued function decaying as x — oo, which satisfies the modified KdV
equation in 0 < z < 00, 0 <t < T, where T is a positive constant.

(a) Let w1, po, ps, be solutions of the above Lax pair normalized at (0,7, (0,0),
(00, t) respectively. Find the domains in the complex k-plane where the column vectors of
these matrices are bounded and analytic.

(b) Show that the functions p;, j = 1,2, 3, are related by the equations
ps(@, b, k) = pa(x, t, k)elke =100 5 ()

1 (2,8, k) = o, t, k)l Re— 4K D%3 g (1),
and express s(k) and S(k) in terms of us(z,0,k) and p2(0,t, k).

(c) Discuss how the equations obtained in (b) can be used to obtain a Riemann-
Hilbert problem. What is the relevant contour for this Riemann-Hilbert problem?

(d) Show that there exists a simple relation between s(k) and S(k).

(e) By analyzing the linear limit of the relation obtained in (d), determine the
number of the boundary conditions needed at z = 0 for the problem to be well posed (at
least for a small norm of ¢q).
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