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1 (a) Let R be a unique factorisation domain with field of fractions F and let P be a
prime ideal of R. Explain how one can use reduction modulo P to investigate Galois
groups over . Give an outline proof of the validity of this approach.

(b) Show that the Galois group of the polynomial f(X) = X° + X2 +2X + 1 over Q
is 55.

(c) Show that the Galois group of the polynomial
X)) =X +tX?+(t+1)X +1
over Fo(t) is S5, where Fy is the field of order 2.

2 Write an essay on Hilbertian fields.

3 (a) Let F an algebraically closed field of characteristic 0 and let E be a finite Galois
extension of F(¢) with Galois group G over F(¢). For any p € F U {oo} explain how to
define the conjugacy class of G associated to p and the ramification index of E at p. Prove
that your constructions are well-defined.

(b) Let a(t) be a polynomial over C, let f(X) = X2 —a(t) be an irreducible polynomial
over C(t) and let E be a splitting field for f over C(¢). Show that E has a branch point
at p € C if and only if p is a root of a(t) of odd multiplicity. By transforming ¢ +— 1/,
determine when [E has a branch point at oco.

4 (a) Define what it means for a ramification type [G, P,C| to be rigid. Show that for
each rigid ramification type there is, up to C(¢)-isomorphism, at most one finite Galois
extension of C(t) of this type.

(b) Prove the existence of rigid triples of conjugacy classes in the symmetric groups S,
for n > 3.

(c) Let g1 = (12345), go = (12)(35)(46) and g3 = (25)(346). Show that the
conjugacy classes of g1, g2 and g3 form a rigid triple in Sg.

5 Let F =TF,(t) be the field of rational functions over the field of order g.

(a) Let f(X) = X9 +ay_1 X9 " 4+ ...+ a, X7+ apX be a polynomial over F with
ap # 0. Show that Gal(f,F) is naturally a subgroup of GL(d,q)

(b) Show that Gal(X?" + X7 + tX,F) > SL(d,q) if d > 2.

[You may assume that any subgroup of GL(d,q) which is 2-transitive on 1-spaces
contains SL(d, q).]

(c) Let G = Gal(qu + X7 + tX,F). Show that if d > 4 is even then G contains a
normal subgroup of index 2 normalising SL(d/2,¢?).
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