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THE STANDARD MODEL

Attempt THREE questions.

The questions are of equal weight.

You may not start to read the questions
printed on the subsequent pages until
instructed to do so by the Invigilator.
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1 For ¢ = (¢1,...,¢,) a real multi-component scalar field, then assume a potential
V(¢) is invariant under the action of a continuous groupG, so that for any g € G,
V(gp) = V(¢). Suppose ¢ # 0 is a particular ¢ for which V' has its minimum. Describe
how the unbroken subgroupH C G may be defined and explain how there are in general
dimG — dimH massless modes.

[You may assume that if V(¢g') = V(¢) thengy = geoo for some g € G|

If G is now a local gauge group, with A,,, a = 1,...,dimG, the corresponding
gauge fields,the associated Lagrangian is

L=3D')' Dy — LFMFe — VI(6),

where F),,, is the associated field strength, D,¢ = 0,¢ + gA,.T,¢ with T, matrix
generators of G, T,/ = —T,. Explain why we may impose the condition ¢ T,¢y = 0.
Show how the gauge fields have masses defined by the matrix ¢?(T,¢o)? Tydo and that
dimG — dimH gauge fields have a non zero mass. Verify also that there are now no
massless scalar fields.Briefly describe the relevance of these considerations to the standard
model.
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2 In the standard model the interaction of the neutral vector Z with fermion fields
1) is described by
g
Lr=—"J'Z,,
= 9cos Op " H

where the neutral current is given by

JE =y (1 = 75)Ts — 2sin” 0w Q) v,

with T the generators of SU(2)r acting on ¢ and @) the associated charge matrix. For
the leptonic decay Z — ¢ show that J! = ly*(cy — cavys)l where for £ = e,cy =

2sin? Oy — %, cq = —% and for { = v, cy =cyq = %.Assuming
* Pubv
(012,(0)|Z(p)) = €ulp) , > e ®) = —gu + ol
Z spins Z

show that for M the amplitude for Z — ¢¢ and neglecting any lepton masses,> IM|? =

g*(ev? + ca?)m 2/ cos? Oy Hence obtain, for Gr/v2 = g2 /(8m,),

spins

GF m
FZ—»EZ \[ 67 (CV +CA)

The formula for the decay width of a particle with mass m is

= Z (2m)*6* (p — px) (X |Lr|p)|? Z H / o 32p

momenta spins

You may also use tr(vav37y7s) = 4(9as 9v6 + 9as 98y — Javy 955)- }
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3 For a hadron H of momentum P, P? = M?, represented by the state | P) define

W (g, P) = 1 S (m)H(P — px ) (PLT|X) (X1 P)

= (o T (- D) (P - D),

where JH = Ef Qrqs"qy is the electromagnetic current.If v = P-q, x = —q?/2v and for

W1 = Fi(z,—q%), vWs = Fy(x, —q¢?) show that as —¢® — oo with suitable assumptions,

Fi(z,—q 2ZQf qr(x) +qp(2)) . Fo(z, —¢°) NQCZQf ar(x) +q;(x)) .
Explain briefly why we may expect

tAdx@ﬂ@—qﬂ@)zN%

where Ny is the number of quarks of type f in the hadron H.If only u,d quarks are
relevant, so that g = 0, and F3 roton pmeutron gre the functions for H corresponding to a
proton, neutron what are the values of the integrals

d
/ - FPYO'EOH z, _q2) , / z Fneutron(x, _q2) ,
0

X

as —q? — oo.

[y = ghh 4 g — gty e A s ]

4 What are the quantum numbers of the quarks and leptons for one generation in
the standard model under the gauge group SU(3)colour X SU(2)r x U(1)y? Show that if
Q = T5+Y, where T are the generators of SU(2)r and Y is the generator of U(1)y, then
the eigenvalues of () give the correct charges for the quarks and leptons. Due to anomalies
the following constraints must be imposed,

try, (T32Y) — tI‘R(T32Y) =0, try, (Y3) — tI‘R(YS) =0.

where trp, trg denote the traces for the generators acting on left handed, right handed
fermion fields respectively. Show that, for the usual representations of SU(2)r x U(1)y
trr (T32Y) = 0 and also that try, (T32Y) = %trL (Y) = itr], (Q) Hence verify that the
first condition is satisfied for each generation independently. Show further that the second
condition holds.
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5 Show how QCD for m, = mg = 0 has a chiral SU(2) x SU(2) symmetry where if

u
o= (4
transform? If

then gr — Aqr, qr — Bqyp for A, B € SU(2). Let V;; = qrjqri- How does this

(0]Vi;10) = —v 5, wvreal, v >0,

what is the symmetry reduced to? Describe in outline how this leads to massless
pions. Assume that at low energies the pion fields w = (71, w2, m3) determine a matrix
U(w) = exp(im-T/F) € SU(2) which transforms under a chiral transformation as
U(m) — AU(w)B~!. Show that, for up to two derivatives, there is then a unique
Lagrangian for massless pions, invariant under chiral SU(2) x SU(2) symmetry, of the
form

L. = 1P?%r(0"U(m)10,U (7)) = L 0rm-d,m + ... .
In QCD show that a mass term for the u,d quarks may be introduced by

m, 0
0 myg

Em:—tr(./\/l(V—i-VT)), ./\/l:< ), Moy, Mg > 0.

An equivalent Lagrangian L ,, for the pion fields may be constructed by letting V' —
—vU(m). By expanding L ,,to second order determine the expected mass for the pions.

Paper 63 [TURN OVER



	Rubric
	1
	2
	3
	4
	5

