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I. INTRODUCTION

At several points in the GR course you will have to do a lot of index manipulations. While the basics of this will be
introduced briefly in the lectures, it is strongly recommended that you make sure you are comfortable with the index
gymnastics on this sheet before the lectures start.

On this sheet, Greek indices will range from 0 to D − 1 and Latin indices from the middle of the alphabet starting
with i will run from 1 to D − 1.

As is customary, we denote symmetrization and antisymmetrization of a tensor Tαβ...γ by T(αβ...γ) and T[αβ...γ]
respectively. Furthermore, we will denote partial derivatives of Tαβ...γ by ∂αTβγ...δ = Tβγ...δ,α.

I have tried to include exercises for everyone with different levels of difficulty. In general, the exercises should get
progressively harder as the sheet goes on. Do not worry if you do not make it through the whole sheet.

While I have tried to make these sheets self-contained, please ask immediately if anything is unclear during the
workshop.

II. SHORTER EXERCISES

1. Let gµν denote the inverse of the metric gµν , i.e. the tensor for which gµνgνσ = δµσ . Evaluate gµνgνµ.

2. Evaluate giµgµi.

3. Prove ∂µg
νρ = −gνκgρλ∂µgλκ.

4. Evaluate T (αβ)ω[αβ].

5. Evaluate ω[αβ]U
αUβ . Hence, show that ωαβU

αUβ = ω(αβ)U
αUβ .

6. The trace of a tensor Tαβ is defined as gαβTαβ . The trace-free part is TTF
αβ = Tαβ − 1

DgαβT , where T is the
trace of Tαβ . Verify that this is indeed trace-free.

III. LONGER EXERCISES

7. Show that Einstein’s equations,

Rµν −
1

2
Rgµν + Λgµν = 8πTµν , (1)

where R is the trace of Rµν , can be written in the form

Rµν = 8πTµν +
2

D − 2
gµν (Λ− 4πT ) , (2)

where T is the trace of Tµν .
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8. Given Fαβ = F[αβ], show that F[αβ,γ] = 0 holds if and only if Fαβ,γ + Fβγ,α + Fγα,β = 0. Show that in
special relativity (i.e. with gµν = ηµν) the above condition together with ∂µF

µν = −µ0J
ν implies that the

electromagnetic stress-energy tensor

Tµν =
1

µ0

(
FµρF

νρ − 1

4
ηµνFρσF

ρσ

)
(3)

satisfies Tµν,µ = −F νµJµ.

9. Consider the action:

S =

∫
FµνFµν d

4x. (4)

Assuming Fµν = ∂µAν − ∂νAµ, show that requiring the variation δS to vanish for infinitesimal variations δAµ
which vanish at infinity leads to ∂µF

µν = 0.

IV. LONGER EXERCISES WITH SOME GR NOTATION

In this section we are going to start introducing some GR notation. If you haven’t seen this notation before you can
just treat it as a definition for now. The meaning of everything will become clearer in the lectures.

Firstly, we introduce the Christoffel symbols:

Γµνρ = 1
2g
µλ(gλν,ρ + gλρ,ν − gνρ,λ), (5)

and define the so-called covariant derivative as

∇αφ = ∂αφ, (6)

∇αV β = ∂αV
β + ΓβαγV

γ , (7)

∇αTβγ = ∂αTβγ − ΓδαβTγδ − ΓδαγTβδ. (8)

Furthermore, we require that the covariant derivative satisfies the Leibniz rule, e.g. ∇α(UβVγ) = (∇αUβ)Vγ +
Uβ(∇αVγ).

10. Given ds2 ≡ gµνdxµdxν = −(1− r−1)dv2 + 2dvdr + r2(dθ2 + sin2θ dφ2), find gµν .

11. Show ∇αgβγ = 0.

12. Show that ∇αUβ = ∂αUβ − ΓγαβUγ . (Hint: Consider ∇α acting on the scalar V βUβ .)

13. Given UαUα = −1 show Uα∇βUα = 0.

14. Show that exercise 8 can be done in general relativity if ηµν is replaced by gµν and all partial derivative are
replaced by covariant derivatives.

15. Show that ∇ν∇νt = −gλνΓtλν .
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