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This course builds upon the foundations laid out by the Part II courses Logic and Set Theory and
Automata and Formal Languages by exploring the relationship between Logic and Computabil-
ity. We will reflect upon the meaning of truth in mathematics and how logical considerations
mirror computability concerns and vice-versa. The intent is to cover the following topics:

• Natural deduction and intuitionistic logic;

• The simply typed λ-calculus and the Curry-Howard correspondence;

• Heyting and Kripke semantics for intuitionistic logic;

• Negative translation;

• The untyped λ-calculus, recursive functions, and λ-definability;

• Computability in Logic: encodings, incompleteness, Craig’s Theorem, nonstandard models
of arithmetic and Tennenbaum’s Theorem;

• Oracles, Turing degrees, and the Friedberg-Muchnik Theorem;

The course will primarily be of interest to students concerned with logic, programming lan-
guages, computability theory, and topos theory. If time permits, we will also discuss duality in
algebraic logic and/or realisability.

Prerequisites

Familiarity with the contents of the Part II courses Logic and Set Theory and Automata and
Formal Languages (or equivalent) is essential, particularly acquaintance with propositional and
predicate logic and associated results (completeness, compactness, Löwenheim-Skolem theo-
rems), Zorn’s Lemma, cardinals, and basic computability theory (Church’s Thesis, recursive
and recursively enumerable sets, the Halting Problem, the s-m-n theorem and the recursion
theorem). Some of the relevant facts and definitions pertaining to computability, however, will
be revised at a fast pace.

Literature

A primary source for intuitionistic logic and its relation to the λ-calculus is ‘Proofs and Types’
[1]. It doesn’t address the Heyting and Kripke semantics, however, and thus has to be comple-
mented in other ways. A categorically minded student will enjoy Ghilardi’s ‘A First Introduction
to the Algebra of Sentences’ [2], but everyone can appreciate Palmgren’s notes ‘Semantics of
intuitionistic propositional logic’ [3] — they were both made available online. This is also the
case for the very good and straightforward notes on the untyped λ-calculus by Barendregt and
Barendsen ‘[4]’. Kaye’s ‘Models of Peano Arithmetic’ [5] is the go-to reference on anything re-
lated to the formal theory of arithmetic, while Soare’s book [6] has the best exposition of Turing
degrees and finite priority injury methods I am aware of. Discussions on duality will benefit
from Priestley’s own book [7], while Streicher’s notes [8] include a treatment of realizability and
a valuable companion to the course as a whole.
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Additional support

Four Example Sheets (and accompanying Example Classes) are planned for this course. There
will also be a one-hour revision class in Easter Term.
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