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This course mixes dynamics, Lie groups, and probability theory. The aim is to explain the clas-
sification of invariant measures for a random walk on a compact homogeneous space, following
the very influential work of Benoist-Quint [2]. The proof will be carried out in the case where
the homogeneous space is a quotient X = G/Λ with G = PSL2() and Λ ⊆ G a cocompact
discrete subgroup. Given a probability measure µ on G, we consider the random walk on X
whose transitional probability measure at a point x ∈ X is given by p(x, gx) = µ(g) for g ∈ G.
The asymptotic behavior of the µ-random walk on X is described by its invariant measures,
also called stationary measures. Our goal is to classify those measures:

[Benoist-Quint] Assume the support of µ is compact and generates a Zariski dense subgroup of
G. Then every µ-stationary non-atomic probability measure on X is G-invariant.

The proof relies on an exponential drift argument reminiscent of Ratner’s approach to show
the rigidity of unipotent flows acting on a general homogeneous space. Benoist-Quint’s method
has also inspired new ways to study self-similar fractals [4], as well as the proof of a celebrated
result by Eskin-Mirzakhani [3] concerning the regularity of SL2()-orbits on moduli spaces.

Prerequisites

Some knowledge about Lie groups, Lie algebras, ergodic theory, and probability theory (notably
martingale convergence theorems).
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Additional support

Lecture notes will be provided.
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