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This is a first course in modern extremal and probabilistic combinatorics with the main objective
of introducing several of the most fundamental techniques in the area. Using these techniques
we will study three classical and interconnected objects:

1. The binomial random graph G(n, p) – Where we study the question “what does a ‘typical’
graph look like?”

2. The extremal numbers ex(H,n) – “How many edges can a graph on n vertices have before
we are forced to have a copy of the graph H?”

3. The Ramsey numbers r(H) – “How large can a complete graph be before we are forced
to have a monochromatic copy of H in every two colouring of its edges?”

Of course, the techniques we cover are much more broadly applicable than this, but we shall
mainly limit ourselves to the study of these objects. In this course I hope to cover almost all of:

Szemerédi’s regularity lemma
Basic statement and philosophy, Erdős-Stone, triangle removal lemma, Roth’s theorem, Ramsey
numbers of bounded degree graphs, the number of triangle-free graphs.

Dependent random choice
Extremal numbers of bipartite graphs, Ramsey numbers of hypercubes.

The local lemma
Basic lemma of Erdős and Lovász, lower bounds on the diagonal Ramsey numbers R(k), lower
bounds on the off-diagonal Ramsey numbers R(3, k).

The binomal random graph
Thresholds for connectivity, Hamilton cycles, appearance of small subgraphs, thresholds for
monotone properties; the Bollobás theorem on the chromatic number; The Rődl–Ruciński the-
orem and Ramsey properties of G(n, p).

Other techniques
FKG inequality; Janson inequalities and applications; Rödl nibble; the hardcore model and
upper bounds on R(3, k).

Prerequisites

Familiarity with the topics and flavor of Part II graph theory (or an equivalent course) is useful
and recommended although not strictly required.

Literature

This course draws from various sources, but many of the topics in this course are now “standard”
and so one can easily dig up other lecture notes online. Here are a couple sources that will cover
the topics in this course (and much much more).

1. N. Alon and J. Spenser, The Probabilistic Method. Wiley (any edition).

2. R. Morris and R.I. Oliveira, Extremal and Probabilistic Combinatorics. Available at
https://impa.br/wp-content/uploads/2017/04/28CBM_04.pdf. 1993.
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Additional support

Three examples sheets will be provided and three associated examples classes will be given.
There will be a one-hour revision class in the Easter Term.
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