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Scientific applications of functional analysis typically involve operators whose domain is a sub-
set of a Hilbert space, and which are not necessarily continuous; differential operators are
examples. Development of an analytic theory for appropriate classes of such operators was
intimately connected with the development of quantum mechanics: Stone’s theorem on gener-
ators of strongly continuous one parameter unitary groups, von Neumann’s spectral theory for
self-adjoint operators and the Stone von-Neumann uniqueness theorem on representations of
the Heisenberg relations are early highlights. Later developments led to applications to PDEs,
stochastic processes and quantum field theory.

• Examples of unbounded operators on Hilbert spaces. Closed operators; adjoints and self-
adjointness. Semigroups, generators and u̇ = Au for unbounded A: the Hille-Yosida and
Stone theorems.

• Examples and further properties: Trotter product formula, PDEs, Markov processes,
Hypercontractive estimates and semigroups.

• Perturbation theory and convergence of unbounded operators and semigroups.

• Inhomogeneous equations u̇ = Au + f(t); Kato’s construction of evolution operators for
nonautonomous equations u̇ = A(t)u + f(t) with applications.

• Monotone operators. Applications to nonlinear problems.

Prerequisites

The part II courses Linear Analysis, Analysis of Functions and also Probability and Measure
are most relevant.

Literature

• General text books:

1. J. Goldstein, Semigroups of linear operators and applications. OUP, 1985.

2. M. Reed and B. Simon, Methods of Modern Mathematical Physics I: Functional
Analysis. Academic Press, 2nd edition, 1980.

3. M. Reed and B. Simon, Methods of Modern Mathematical Physics II: Fourier Anal-
ysis and self-adjointness. Academic Press, 1975.

4. K. Yosida, Functional Analysis. Springer, 1980.

• More specialized monographs:

1. T. Kato, Quasi-linear equations of evolution, with applications to partial differential
equations. Springer LNM 448, 1974.

2. H. Brezis, Operateurs Maximaux Monotones et Semi-Groupes De Contractions Dans
Les Espaces De Hilbert. North Holland, 1973.
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Additional support

Weekly office hour. Three examples sheets will be provided and three associated examples
classes will be given. There will be a one-hour revision class in the Easter Term.
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