
Solitons, instantons and geometry (L16)

Professor D. Stuart

In classical field theory, solutions which are stable, spatially localized and particle-like are called
solitons; they exist in many nonlinear field theories. In many quantum field theories, including
gauge theories, it is necessary to consider solutions of the field equations that are topologically
distinct from the vacuum: solitons of this type are known as topological solitons. We will discuss
existence of solitons in various examples, and describe their properties and dynamics.

In a slightly different direction, classical solutions which are also localised in Euclidean space-
time are called instantons, and are studied in connection with tunneling phenomena and the
vacuum in field theory.

In certain cases, the (usually) second order field equations can be reduced to first order Bogo-
molny equations, which makes it easier to analyse the soliton/instanton solutions. The resulting
equations are often integrable in some sense, and explicit solutions can sometimes be found. Ex-
amples include scalar kinks, magnetic monopoles in Yang-Mills-Higgs theory and anti-self-dual
instantons in pure Yang-Mills theory.

An introduction to the mathematical framework behind gauge theory (vector bundles, connec-
tions and curvature) will be given, together with some basic ideas from topology and calculus
of variations as needed.

Prerequisites

Part II Quantum Mechanics, Electrodynamics and General Relativity (or some introductory
Differential Geometry course such as the one in Part II) are essential. Part III General Relativity
and Quantum Field Theory will be helpful.
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10. (Detailed discussion of the physics of solitons, beyond this course.)

5. M. Dunajski, Solitons, Instantons, and Twistors, Oxford Graduate Texts in Mathematics,
Oxford University Press, 2009. (Includes introduction to integrable aspects from the
twistor point of view.)
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Additional support

Three examples sheets will be provided and three associated examples classes will be given.
There will be a one-hour revision class in the Easter Term.
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