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Problem statement

We consider the near best L∞ approximation of 1/
√
z (or closely related functions) by a rational

function, over certain curves in the complex plane.

Zolotarev’s fourth problem [1], [6] provides the best rational approximation rn−1,n(z) of type (n−1, n)
to γ = 1/

√
z over a real interval I = [a, b], where 0 < a < b in the sense that

rn−1,n = arg min
rn−1,n

∥∥∥∥∥
1√
z
− rn−1,n(z)

1√
z

+ rn−1,n(z)

∥∥∥∥∥
L∞(I)

. (1)

Here, rn−1,n is a real rational function of type (n − 1, n) with a monic denominator, and I is the real
interval [a, b]. Zolotarev’s explicit solution involves Jacobi elliptic functions to determine the interpola-
tion points. To make use of this in applications, we require the rational approximation rn−1,n(z) should

be expressed as a Stieltjes continued fraction (or S-fraction) [2] with coefficients ĥi (0 ≤ i ≤ n− 1) and
hi (1 ≤ i ≤ n):

rn−1,n(z) =
1

ĥ0z +
1

h1 +
1

ĥ1z + . . .
1

hn−1 +
1

ĥn−1z + 1
hn

. (2)

The Zolotarev rational approximation to 1/
√
z over the real interval [a, b] ∈ R+, where 0 < a < b, is

readily extended to the real interval [c, d] ∈ R− where c < d < 0. Recently [5] showed how to construct
a nearly-optimal rational approximation to 1/

√
z on the union of two real intervals

I = [a, b] ∪ [c, d] ,where c < d < 0 < a < b . (3)

For practical use in numerical analysis (see Appendix), we actually require the best approximation

to a modified square root γ1 = 1/
√
z + z2

4
, rather than γ = 1/

√
z over the union of two disjoint finite

intervals in the complex plane:

I = Ipr ∪ Iev , (4)



<(z) <0 and =(z) ≤ 0 ∀z ∈ Ipr , (5)

<(z) >0 and =(z) ≤ 0 ∀z ∈ Iev . (6)

We use the same approach from [5] to construct a near-best rational approximation over the union
of complex intervals

Ipr = [c, d]− iε , (7)

Iev = [a, b]− iε , ε ∈ R+ . (8)

The approach we use to construct a near best approximation, akin to (1), follows [5], modified for
complex intervals:

• Construct the 2n1 Zolotarev interpolation points for
√
z on the interval [a/b, 1] and the 2n2 inter-

polation points for
√
z on the interval [−1,−d/c] separately. Here we require n1 + n2 = n.

• Scale these interpolation points to [a, b] and [c, d] and shift them by −iε.

• Calculate the unique complex rational interpolant rn−1,n(z) of type (n − 1, n) which interpolates
γ1(z) at these 2n points.

• Calculate the coefficients of the S-fraction (2).

For practical reasons, the value of n used in the rational approximation rn−1,n(z) of type (n − 1, n)
should be small, say 5 < n ≤ 20. We specify n and ask how to construct rn−1,n(z) which is the near
best rational approximation to γ1(z) in order to minimize relative L∞ error in the sense of (1). Since
we solved a rational interpolation problem for γ1(z) rather than γ(z), the Zolotarev points are no longer
optimal, but are nearly optimal for minimising the relative L∞ approximation error.

The proposed project has two aims:

• How well does the theory from [5], [2] for real intervals extend to complex intervals for approximating
1/
√
z, and how good is the near-best approximation to γ1(z) in this case ?

• What is the best numerical method for obtaining the rational approximation of γ1(z) over complex
intervals and to obtain its S-fraction representation ? Is the problem always well-posed ?

A major part of the project would be to review the literature: for example how far do the results
from [3] provide an answer to this problem ? A related problem of practical importance is when Ipr
and Iev are not simply intervals shifted parallel to the real axis, but are smooth, non-intersecting, finite
curves in the 3rd and 4th quadrants of the complex plane.

For a single interval I = [a, b] ∈ R+, it is known that all the coefficients ĥi and hi in (2) are real,
positive and increasing if rn−1,n has negative simple poles and positive residues. Is it possible to say
anything about the coefficients when there are two complex intervals ?



Appendix: practical application

This appendix has been added to motivate a practical application of near-best complex rational
approximation. When constructing numerical boundary conditions for the wave equation, we require to
approximate the so-called Neumann-to-Dirichlet (NtD) map on the boundary of a domain. Amazingly,
in simple but representative cases, this can be reduced to the problem of finding the near best rational
approximation of 1/

√
z which minimizes the relative L∞ error, over certain intervals in the complex

plane. Another practical application is in numerical linear algebra, when designing preconditioners for
iterative solution of the Helmholtz equation [4]. The use of complex intervals Ipr and Iev is required in
this case.

The coefficients in (2) are used to construct numerical boundary conditions and represent the Neumann-
to-Dirichlet map for the scalar wave equation for u(x)

k2(x)u+∇2u = 0 , k2 ∈ C ,<(k2) > 0 ,=(k2) ≥ 0 . (9)

For x = (x1, x2) ∈ R2, consider the half space x1 ≤ 0. Assuming k to be constant, and taking the
Fourier transform in the x2-direction with dual variable ξ2 leads to an equation for u(x1, ξ2):

k2u+
∂2u

∂x12
− ξ22 = 0 , (10)

which has fundamental solutions

u(x1, ξ2) = e±
√

(ξ2
2−k2)x1 . (11)

Well-posedness requires the solution to be finite as x1 → −∞. Hence, for ξ2 ∈ R, the symbol of the

Neumann-to-Dirichlet (NtD) operator at x1 = 0, for given ξ2, is−1/
√
ξ2

2 − k2. The practical application
of the Zolotarev approximation to 1

√
z appears when (10) is discretized by a finite difference scheme -

see [2], [5] and [4] for details. Consider the discrete form of (10),

(k2 − ξ22)uj +
uj+1 − 2uj + uj−1

h2
= 0 , (12)

for −∞ < j ≤ 0, with mesh size h. The dispersion relation corresponding to the well-posed solution
leads to a one-sided numerical approximation of the inverse of the NtD (i.e. the Dirichlet-to-Neumann
map or DtN),

−u0 − u−1
u0

= −1

2
z +

√
z +

z2

4
, (13)

where z = −(k2 − ξ2
2)h2. This motivates the rational approximation for γ1(z). The S-fraction (2)

corresponds to a finite-volume discretization of (10),

(k2 − ξ22)uj +
1

ĥj

(
uj+1 − uj

hj
− uj − uj−1

hj−1

)
= 0 , (14)



for j = 1, . . . , n − 1, and with the additional constraint un = 0. The coefficients hj and ĥj are step
lengths on primary and dual grids - see [2] and [5] for details.

Only a very brief motivation for the problem has been given here in the interest of space. This
relates the optimal numerical approximation of certain rational approximations in the complex plane to
practical applications.
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Image Processing for Cultural Heritage Conservation 

The topic of my external project involves the Cultural Heritage conservation of a particular fresco 

with tools from math and physics. The project is supervised by Dr Claudia Daffara of University of 

Verona (Italy) (she is a physicist at Department of Computer Science) and the CCA advisor is Dr 

Carola Schoenlieb. Also "Opificio delle Pietre Dure" of Florence is involved in this project in the 

person of Dr Paola Mariotti (it is the main public company devoted to art restoration in Italy). 

The study I am going to carry on is possible thanks to the availability of FLIR System Inc. that lent us a 

thermal camera for this purpose. The dataset is processed with Matlab software (and it is likely that I 

will have a meeting with someone at Matlab in the next weeks). 

I don't have an official abstract but I will try to summarize the project in an abstract‐way: 

The basic step of the project is to understand the physics behind the thermal image acquisition of 

FLIR camera and understand the principle of Thermal Quasi‐Reflectography (TQR) technique recently 

introduced by Dr Claudia Daffara to unveil hidden layers and pentimenti in famous paintings. During 

the project, TQR is used to map the wall of a Leonardo da Vinci fresco at Castello Sforzesco in Milan, 

currently under restoration process in view of EXPO15. The restorers would like to see the hidden 

layers in order to restore the fresco in a proper way. The specific problem to be overcome is that the 

dataset presents some inhomogeneities of lights in TQR so the goal of this project is to provide a 

mosaic starting from each single TQR image thanks to an orthophoto and use a shadow removal 

algorithm in order to uniform the lights without losing the information. A test about the speed of the 

algorithm proposed is also carried out. 
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