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In-context learning (ICL)

Large Language Models (LLMs) such as ChatGPT, LLaMA, and Gemini have
shown remarkable in-context learning (ICL) capabilities.

Given a few examples of a task in their prompt, they can often generalise and
produce accurate outputs, even if the task was not part of their training set.

User Prompt:

(‘Hello’, ‘Bonjour’)
(“Thank you’, ‘Merci’) Transformer Output: }
(‘Face’, ‘Visage’) Chat

(‘Cat’, ?)

This behaviour suggests that LLMs can learn how to learn from examples in their

input.
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~
In-context learning (ICL)

-
‘Delivered on time, functions great and long battery life’
Positive

‘My first item was faulty. Was delivered a new one that works
great though’
Neutral

‘Not as advertised, customer support was unhelpful when I
complained’
Negative

‘Not the best option if you want something to last. Poor bat-

tery life also’

?
L J

Transformer

b

[ Negative }
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Transformers

A transformer (TF) is an ML architecture that
first embeds words as tokens, denoted
hi,...,hni1 € R%, and then performs
pre-trained operations on them.

These operations consist of multi-headed self
attention and feed-forward neural network
(FNN) layers, stacked in Lt blocks.
The input to a transformer is H € R%*("+1)
with 7th column h;. Combined with the
decoding layer, the output is a value in R.

Input matrix

Multi-head
self attention

LTX

Feed-forward
neural network
Decoding layer

Output
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Transformers

- FNN: Applies linear transformations and

activations coordinatewise:
h; — O’(Whi + b)

with weights W € R%*9% bias b € R% and
o(z) = ReLU(z) = max(z,0).

Input layer

Hidden layer (5)

Source™

Output layer
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https://dailysciencefactsatit.blogspot.com/2023/06/the-game-changing-inventions-and.html

Transformers :‘ﬁ

- FNN: Applies linear transformations and
activations coordinatewise:

h; — O’(Whi + b)

with weights W € R%*9% bias b € R% and o A ovpecter
o(z) = ReLU(z) = max(z,0).

Source™

- Attention: Can interact columns:
hi— Y o((Qhi, Kh;)) Vh,
j=1

Xde

with query Q, key K and value V matrices in R%

*: https://dailysciencefactsatit.blogspot.com/2023/06/the-game-changing-inventions-and.html
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Transformers

[blue| [creature| [roamed]

Attention
Pattern

= W
creature| = E, — K,

Wi

forest| = By, =P Ky

Source: 3BluelBrown'

t: Attention in transformers, step-by-step | Deep Learning Chapter 6, YouTube,
https://www.youtube.com/watch?v=eM1x5fFNoYc&t=1065s

7/31


https://www.youtube.com/watch?v=eMlx5fFNoYc&t=1065s

Reframing as a regression task &

A transformer embeds words as vectors in a d.-dimensional space (in practice:
de /= 10000).

ICL performs regression over these embeddings:
from n input-output examples, the model infers a cat

relation and applies it to a new test point. dog
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Reframing as a regression task &

A transformer embeds words as vectors in a d.-dimensional space (in practice:
de /= 10000).

car
ICL performs regression over these embeddings:
from n input-output examples, the model infers a cat
relation and applies it to a new test point. dog
Goal: Analyse the theoretical capabilities of transformers to perform regression.

Limitations: We work with tabular data, where regression is more sensible and
well-studied — input is in R? with d &~ 10, and output is in R.
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Problem set-up: ICL as regression <»

Set-up: Let fx be a density on R? and Py be a distribution on the Holder class
H(a, L) for some a, L. We consider our data:

e Sample: s = (x;, yq-);jll i.i.d. pairs where ®; ~ fx, m ~ Py, €; is a bounded
noise term and y; = m(x;) + &;.

s |, (mm), ., (Feae

e Training set: § = (-’L'va?Jzﬁ))z‘e[nﬂ],ﬁ,e[p] of independent copies of s:

Assume ||Z;]|c0 < Mg, |yi| < M, almost surely.
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Input matrix

Input {(mi,yi)?zl; Ilin+1} is embedded, with positional encoding, into:

1 -+ Tpn Lnp41

H=[0 .-~ 0 0 |eR%x"
Il In Zn+1
r - 1 1

. . T
jm (T
% = (Lomin.cos(555gy ) (5 g)
g ( =11 % o+ 1)) M2+ 1)

This allows us to distinguish the columns in our constructions.

Remark. In practice, LLMs add positional encoding to the word embedding
before the first layer of attention. J
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Problem set-up: ICL as regression <»

Denote our transformer class by 7. For f € T, we define

1 n 2
Sample loss : £(f,s) = 5 (f({mivyi}i:1§mn+1) - yn+1)
Population risk : R(f) = Es[¢(f, s)]

r

L 1 ™) ™ )?

Empirical risk : Rr(f fzjl(f i ,yl }z 1, JH _yn11) .
=

Define the empirical minimiser

fe argmin;_ - Rr(f).
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Problem set-up: ICL as regression <»

Denote our transformer class by 7. For f € T, we define

1 n 2
Sample loss : £(f,s) = 5 (f({mivyi}izﬁ Tni1) — yn+1)
Population risk : R(f) = Es[¢(f, s)]

r
1 (€] €0
Empirical risk : Rr(f =37 Eﬁ (f i ,yl }z 1T JH) —ynll) .

Define the empirical minimiser

fe argmin;_ - Rr(f).

Aim: Show the empirical risk minimiser f, trained on S, can perform well on a
new regression task.

11/31



Problem set-up

2a
Goal: Bound Es[R(f)] = O(n_ 2a+d), the optimal non-parametric regression
minimax rate.

Theorem (Kim et al., 2024). There exists a universal constant C' > 0 such that:

) M2
ES[R(/)]ngig;R(f)JrC( —log N (T, || - llzee, *HT)

where N'(T,|| - ||zo,d) is the covering number of T of radius § with respect to
the norm || - ||zoo.
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Problem set-up

N 2a
Goal: Bound Es[R(f)] = O(n~22+2), the optimal non-parametric regression
minimax rate.

Theorem (Kim et al., 2024). There exists a universal constant C' > 0 such that:

M, >

5 M;
B [R(F)] < 2inf B(P) + (2 g (T, |- luoe, 1) +

where N'(T,|| - ||zo,d) is the covering number of T of radius § with respect to
the norm || - ||zoo.

Approximation error: How well can a transformer
perform? We bound this with an explicit construction
f*, implementing local polynomial regression.

Generalisation error: How badly could the empirical risk
minimizer f possibly deviate from the true minimizer m?
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Local polynomial regression

For m € H(«, L), local polynomial regression can obtain the minimax optimal
2a
pointwise squared error risk of O(n~2a+2).

‘Savitzky-Golay filter - Local Weighted Polynomial Regression
(Window length = 45, Polynomial degree = 4, Hann window weights)

a . -
—-- Unueighted Savitzky-Golay fiter  — Smoothed signal - veights — Boundary it

We fit a degree p polynomial locally =

at ©,+1, using weighted least . ‘ A J
squares with kernel: - \

Note: We illustrate with d = 1. Figure: Local weighted polynomial

regression (degree=4) smoothing a signal
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Prior works

Prior works:
- linear and ridge regression (Bai et al., 2023)
- Lasso (Bai et al., 2023)
- Nadaraya—Watson (Shen et al., 2025)

- nonparametric regression with basis expansion (Kim et al., 2024)

Local polynomial regression can be written as a weighted least squares problem,
whose solution can be computed by gradient descent.
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Procedures :'}

To fit a polynomial at x,+1, we must find coefficients for each monomial in
P,(zny1 — ), where P(2) = (1, 2, 2° ,2P) T, Pu() == P (7). Let

Pi(zni1 —x1)"
X = : eRVPHD Yy = (yy -y, €R”
Ph(l'n+1 - m'n.)T

W .= diag(Kh(an —z1)y .., Kn(Tn1 — :cn)) c R™*"
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Procedures :ﬁ

To fit a polynomial at x,+1, we must find coefficients for each monomial in
P,(zny1 — ), where P(2) = (1, 2, 2° ,2P) T, Pu() == P (7). Let

Py (zns1 — 1) "

X : € R™X(@+1) Y :=(1-yn) €R”
Py (zns1 — xn)T

W .= diag(Kh(an —z1)y .., Kn(Tn1 — xn)) c R™*"

And compute the weighted least squares estimator:

B* =argmin(XB-Y) W(XB-Y)
ﬁERd

=(xX'wWXx)'Xx'wy
= (XwXw) ' XwYw

where Xw = vWX, Yy .= VWY
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Procedures :ﬁ

We fit S0 + B1(2nt1 — i) + -+ - + Bp(Tn+1 — x:)P as an expansion around Zn1, SO
we approximate the regression function m(zny1) ~ fo.

Our construction has 2 steps:
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Procedures :'}

We fit S0 + B1(2nt1 — i) + -+ - + Bp(Tn+1 — x:)P as an expansion around Zn1, SO
we approximate the regression function m(zny1) ~ fo.

Our construction has 2 steps:

1: Construct and multiply:

Py(zn+1 — x:), VEn(Tnt1 — x5) — Pp(zn1 — i)V Kn (g1 — )
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Procedures :ﬁ

We fit S0 + B1(2nt1 — i) + -+ - + Bp(Tn+1 — x:)P as an expansion around Zn1, SO
we approximate the regression function m(zny1) ~ fo.

Our construction has 2 steps:

1: Construct and multiply:
Py (zns1 — xi), VEn(Tns1 — ) — Pp(zn1 — i)V Kn (g1 — )

2:  Perform gradient descent using the pairs

(\/ Kn(zn+1 — i) Po(Tnt1 — ), V Kn(Trg1 — xz)yz)

K(u) = (1= [u])® Liu<1y
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Steps of construction

Denoting Aj := @,,41 — «;, column j undergoes these changes:

Yi
Aj/h

02p11

T
Yj
Op-a
Kn(A;)
Opi1
Z;
1

A/F
—

A/F

1

Zj

Yj

We then extract ;. To perform these operations, we need to multiply, copy and

add within/between the columns.
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Step 1: Two approaches

Yj
Aj/h

02p+1

F

1

1

Exact construction (more attention): Allows us to build the monomials exactly.
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Step 1: Two approaches

. ? [z ] z"."
J J J
Yj
, A, /h Pu(A)) +6;
Ay'J/h F 0 ! F Pr(As) +9; F h(KJ()A ‘)J
J — D—d — Kn(Aj) | — AAEN
02D+1 K;L(Aj) 0D+1 vV K}L(Aj)PfL(Aj)+€j
Z; Op+1 7. VER(A;)y; +¢
1 T, 17 T,
L 1 J N N L 1 J

Approximate construction (more FNN): Can only
approximate the monomials with piecewise linear
functions. It is quicker and requires less positional

encoding.
Figure: Piecewise linear
Remark. A FNN with width O(N), depth O(L) can J approximation of a

approximate these functions with error O(N 7L). quadratic

19/31



Step 2: Performing gradient descent &

Attention can perform 1 step of GD in 1 layer of attention (2 heads).
We rename z; = /K, (A;)Py(A;) and y; = /K, (A;)y;.

-
At the t*" step, each column i contains h; = [mi, vi, Bp, *] and we
want to construct ﬁfH

T T I
A Yj A Yj A Yj A
8t = | ath1 | T | at2| T
GD GD GD
* *

We run gradient descent for 7 steps.
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Step 2: Performing gradient descent &

Our loss function .
1
- 27 Z ﬁv CC]

gives update formula:
B&s = Bep — 1V La(Bep) = Bep — - Z (Bép, m5) — ;)

We construct the term ({355, ;) — y;)x; exactly with attention, using
u—v=o0c(u—v)—oc(v—u). Recall the form of an attention head:

h; — h; + A(hl) where A(h,) = ia((Qh,, Kh]>) th

Jj=1
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Step 2: Performing gradient descent

Remark. Recall Xw = vW X. To choose the step size 7, we look at :

- 1 1
vV L.(B) = %VVT(XW,@ - Yw) (XwB - Yw) = EX‘—/FVXW

So choose 7 — ﬁ <

m, where \_ S )\min S >\max g >\+,Whp
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Step 2 (approximate construction)

Remark. For the approximate construction using FNNs, we initialise with
slightly wrong data &;, ;, with error bounded by £ (in fact data refers to

\/Kh Ph and Kh(A,)yL)

This error accumulates at each step since we use the wrong loss:

Lu(B) = Zw &3, i) = Z(ﬂ & — i)’

7,:1

However, after t steps, it only accumulates linearly as ént.
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Approximation error (exact construction)

Recall m is the true regression function, my, is the local polynomial regression
estimator and f* is our constructed transformer. We use this to bound the term

Jof R
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Approximation error (exact construction)

Recall m is the true regression function, my, is the local polynomial regression
estimator and f* is our constructed transformer. We use this to bound the term

RO

Exact construction: Choosing bandwidth h = h* =n" Tard and defining the
noise term € 1=y — m gives
R(f) =E[(f"=m)*] + E [(m —v)’]
<2\ f* = 1|3 + 2E [(1n — m)?] + Var(e)

A_T

_ O(eimnﬁ) n O(n*%id) + Var(e)

where for n sufficiently large: A_ < Amin < Amax < A4, w.h.p.
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Approximation error (exact construction)

Recall m is the true regression function, my, is the local polynomial regression
estimator and f* is our constructed transformer. We use this to bound the term

RO

Exact construction: Choosing bandwidth h = h* =n" Tard and defining the
noise term € 1=y — m gives
R(f) =E[(f"=m)*] + E [(m —v)’]
<2\ f* = 1|3 + 2E [(1n — m)?] + Var(e)

A_T

=|0(e 2+ n2~+(1) + O(niﬁ) + Var(e)

where for n sufficiently large: A_ < Amin < Amax < A4, w.h.p.

So we require | T > 2 * — logn | to match minimax rate.
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Approximation error (FNN construction)

FNN construction: Choosing FNNs with width O(N), depth O(L):

a+p+d

R(f*) < O(n'2a%d N~L7)

A_T

+ O(C_Knﬁ) + O(niﬁ) + Var(e)

where the first term comes from error in data, accumulated over 7 steps of
gradient descent. So to match the minimax rate, we take

> 2/\)‘4 logn, N = const, L= O(log ”)'
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Generalisation error & covering numbers

We now want to bound the generalisation error term

12
M
T

M,
r

tog A" (T, - . ) +

where |y;| < M, a.s. and T" is our number of training samples.

26/31



Generalisation error & covering numbers &

We now want to bound the generalisation error term

12
M
T

M,
r

1
log (T - e ) +
where |y;| < M, a.s. and T" is our number of training samples.
The covering number N for our transformer class 7 is well studied (Bai
et al., 2023). It depends on width, depth, number of attention heads,

parameter size, and embedding dimension.

These parameter bounds give us a Lipschitz constant for 7 so we can
construct an || - ||L~ net for T of a given size.
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Generalisation error & covering numbers

M? 1 M
y [ — it )
L log N (T, -l ) +
For 7 steps of gradient descent:
Exact construction:
1
og N (T - = ) < O(*1og(1'7))
721log(I'7)

Exact Generalisation Error < (’)(

r

)
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Generalisation error & covering numbers

M? 1 M
y [ — it )
L log N (T, -l ) +
For 7 steps of gradient descent:
Exact construction:
1
og N (T - = ) < O(*1og(1'7))
721log(I'7)

Exact Generalisation Error < O ( T )

FNN construction: width O(N), depth O(L)

log./\/<T, . %) < 0<N2(T + L) log(IN(r + L)))

N2(t+ L)?log(I'N(t + L))
; )

FNN Generalisation Error < (’)(
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Choosing I o

T lo§(F7))

Exact Generalisation Error < (9(

N2%(7+ L)?1og('N(7 + L))

FNN Generalisation Error < O( T )

Recall we earlier took

2
7> log(n), N = const, L = O(log(n))

so to match the minimax rate of O(n‘?zid), we need to take:
Exact: I'>0(n 7t (logm)?®)

FNN: T > O(n7%(logn)?)
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Final results

Lemma. In the exact set up with h = h* =n"~ 2a1+d, T> % log(n), and

2a
> O(n 2at+d 10g(n)3), we achieve the non-parametric minimax rate

Es[R(f)] < O(n~%%1) + Var(e)
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Final results

Lemma. In the exact set up with h = h* =n"~ 2a+d r>2 * =+ log(n), and

> O(n 7atd log(n) ), we achieve the non-parametric minimax rate

Es[R(f)] < O(n~%%1) + Var(e)

Lemma. In the FNN set up with h = h* =n" 2a+d > 2 + =+ log(n),

I > O(n%+a Taa log(n)?), and constant N, L = O(logn), we achleve the
non-parametric minimax rate

Es[R(f)] < O(n~%%7) + Var(e)
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Conclusion :ﬁ

Achievements:

1. We obtain the optimal non-parametric regression minimax rate of

2
O(ni 2a+d) of pointwise squared error risk in both the FNN construction
and exact construction.
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Conclusion :ﬁ

Achievements:

1. We obtain the optimal non-parametric regression minimax rate of

2
O(nf 2a+d) of pointwise squared error risk in both the FNN construction
and exact construction.

2. T, number of training samples, is controlled by (’)(n zta log(n)3), which
is less than previous requirements in the literature.
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