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The approximate number of marks allocated to a part of a question is indicated in
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letter affized to each question.
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A separate yellow master cover sheet listing all the questions attempted must also
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Every cover sheet must bear your examination number and desk number.
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1A

Let (1,0, ¢) be standard spherical polar coordinates in three dimensions, satisfying
the differential relation

dr = e, dr + egrdf + eyrsinfde .

Consider the vector fields defined as follows:

1 0
A = ftan§ e (r#0, 6 #m),

r

A(*):—%cotgqu (r#0,0+#0),
1

B = ﬁeT (7“750)

(a) Give a clearly labeled sketch of the curves of constant # and constant ¢ on the sphere
r = a. Draw in the corresponding unit vectors e, , ep, e, at a point on the surface with
0 # 0,7 ; are the unit vectors well-defined at 0 = 0 or 77 Comment briefly on the fact
that At and A2 are well-defined at # = 0 and 7, respectively.

(6]
(b) Calculate
/ A® . dr
C
where C'is a circle withr =a,0 =a and 0 < ¢ < 27.
(4]
(c) Calculate V x AH) and V x A(5),
(5]

(d) Evaluate

/B~dS
s

where S is the sphere of radius a, centre the origin. By dividing S into two parts (each
with boundary C') explain how this result is related to your calculations in parts (b) and

(c)-
[5]

[Recall that
1 h/r’er hgeg h¢e¢
rholo | p A hgdy hyAg

VxA =

where h,, = |0r/0u| for u=r,0,¢.]
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2A

(a) ¢(x,y) is defined on a square 0 < z,y < ¢ and obeys

0%¢ 0%
o2 "o Y

with A constant. Find all separable solutions with ¢ = 0 on the boundary of the square,
determining the resulting values of A in the process.

(6]
(b) Calculate constants ¢, such that
Z Conm Si1 T sin Y
m,n>1
for 0 < x,y < £.
[4]

(c) A two-dimensional square slab with sides of length ¢ has temperature T'(z, y; t) obeying

eT 0T _1or

0x? + oy kOt

with k a positive constant. The temperature is initially equal to T throughout the slab,
but at ¢ = 0 the material is immersed in a heat bath so that the temperature on the
boundary is zero for ¢ > 0. Find T'(z,y;t) for ¢ > 0 and show that for large ¢

16T0 . Tmr . T _ 2 2
5 sin — sm—ye 2rmt/
T 4

T(x,y;t) =
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3A
Explain in outline the Green’s function approach to solving an equation of the
form

d2y 1 dy Y
S ()

dz?  z dzx 2

where y(z) with 0 < x < oo is subject to certain boundary conditions.

[4]
Given that the general solution to the homogeneous problem with f = 0 is
y(x) = ax + b/x, determine the Green’s functions for the boundary conditions:
(i) y(x) = 0asz — 0 and z — oo ; or (ii) y(z) — 0, y/'(z) - 0 as x — 0.
8]

Use your answers to calculate y(z) explicitly with each of the boundary conditions
(i) and (ii) when f(x) =1 for 0 <z <1 and f = 0 otherwise.
8]

4A

(a) Given a function f(z), define its Fourier transform f(k) and write down the inverse
transform.

Let f(z)=1—zfor 0 <z <1and f(z) =0 for z > 1. Find f(k) in the cases where

(i) f(z) is an even function; (ii) f(z) is an odd function.

[10]

(b) State and prove Parseval’s Theorem. Use this to deduce that

< sin*u T
7 du = —.
0 u 3

[10]

[You need not discuss conditions for convergence of any integrals.]
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5B

When is a 3 by 3 complex matrix diagonalisable? Let A be a 3 by 3 matrix which is
not a multiple of the identity matrix such that characteristic equation of A4 is (A—1)3 = 0.
Show that A is not diagonalisable.

[5]
Diagonalise the matrix
2 -1 0
-1 2 0
0o 0 3
and sketch the quadric surface
XTAx =1
where X1 = (z,y, 2).
[12]

Does there exist a diagonalisable 3 by 3 complex matrix with exactly two distinct
eigenvalues? Give an example or show that one does not exist.
3]

6B

What is a Hermitian matrix? Show that eigenvalues of a Hermitian matrix are real
and that eigenvectors corresponding to different eigenvalues are orthogonal with respect
to a standard inner product on C”.

8]

Is it true that if all eigenvalues of a matrix are real then this matrix is Hermitian?
Give a proof or a counter-example.

[4]

Let A, B be Hermitian matrices. Show that AB is Hermitian if and only if
AB — BA=0. Find a number ¢ (real or complex) such that AB + c¢BA is Hermitian.

8]
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7C

(a) State the Cauchy-Riemann equations obeyed by the real and imaginary parts,
u(z,y) and v(z,y) of an analytic function of a complex variable z = = + iy .

Show that the curves u = const and v = const in the z,y plane intersect at right
angles.

Find a complex analytic function for which these curves are, respectively, y? =
2% 4+ o and 2y = 3 for real constants o and 3 # 0.

7]

(b) A complex function f(z) which is analytic and single-valued in an annulus
a < |z — zo| < b for some a and b, has a Laurent expansion of the form,

+oo

f(z) = Z an (z —20)" .

n=—oo

State the condition on the coefficients a,, such that,
(1) f(2) has a pole of order N at z = zy, or

(2) f(2) has an essential singularity at z = 2 .
[4]

Give all singular terms (ie terms with n < 0) in the Laurent expansions of the
following functions around the points specified,

(i) f(z) =1/sinh?(z) at z=1m.
(i) f(z) =2zNexp(~1/z) at z=o00.

(iii) f(2) =exp(—1/z2) at z=0.
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8A

Consider the series
y(x) = a° Z anx" ag #0 . (%)
n=0

If the series converges, show that Bessel’s equation holds:

ny”+xy/+(x2—u2)y — O,

where v is a real constant, provided that
oc==v, a1 =0, {(J+n)2—u2}an—|—an_2:0 for n> 2.

Show that when v = 1/2 these conditions yield two solutions which can be written in
terms of trigonometric functions.

[10]

Find the most general conditions on ¢ and a,, for (x) to satisfy Legendre’s equation
(1—2®)y" =22y + XA+ 1)y = 0,

where A is some real constant. Referring only to the form of the differential equation,

what radius of convergence would you expect for any solution of the form (%)? Show that

for particular values of A > 0 which you should determine there are solutions (*) which

exist for all .
[10]
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9B
Derive the Euler-Lagrange equation for y(x) so that the integral

b
I=/ flx,y,y) dz

is stationary. Show that if f does not depend on x explicitly then

of

fyay

is a constant.

[10]

Let F(y) be a differentiable function Consider a line element in R and show that
the geodesics on the surface {(x,y,2) € R® 2z = F(y)} are given by (x,y(x), F(y(x)))

where
dF
/1/1—1- dy—aa:+b

for some constants a,b.
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10B

Let y,p,q and w be real valued functions defined on [a,b] C R such that p and w
are everywhere positive and

p(b)y(b) y'(b) — p(a) y(a) y'(a) = 0.

Fly] = /ab (p(j—i)Q + qu) dz, Gy = /abwy2dx,

Show that the stationary values of

Let

Al = G

are eigenvalues of the Sturm—Liouville eigenvalue problem

~ (b)) gy~ Awla)y = 0 (¥

and that the functions which make A stationary are the corresponding eigenfunctions of
().
[10]
Use a trigonometric trial function to estimate the lowest eigenvalue of the equation
d?y

What is the sign of A\e — \; where A, and \; are the estimate and the actual lowest
eigenvalues respectively.

[10]

END OF PAPER
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