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SECTION 1
1D Numbers and Sets

(a) Show that for all positive integers z and n, either 22® = 0 (mod 3) or 22" = 1 (mod 3).

(b) If the positive integers x, y, z satisfy 2% + y? = 22, show that at least one of z and y
must be divisible by 3. Can both x and y be odd?

2D Numbers and Sets

(a) Give the definitions of relation and equivalence relation on a set S.

(b) Let X be the set of ordered pairs (A, f) where A is a non-empty subset of R and
f : A — R. Let R be the relation on ¥ defined by requiring (A4, f) R (B, g) if the
following two conditions hold:

(i) (A\ B)U(B\ A) is finite and
(ii) there is a finite set F' C AN B such that f(z) = g(x) for all z € AN B\ F.

Show that R is an equivalence relation on X.

3A Dynamics and Relativity

Consider a system of particles with masses m; and position vectors x;. Write down
the definition of the position of the centre of mass R of the system. Let T be the total
kinetic energy of the system. Show that

1 . . 1 . .
T:§MR'R+§ZmiYi‘Yi»
K3

where M is the total mass and y; is the position vector of particle ¢ with respect to R.

The particles are connected to form a rigid body which rotates with angular speed w
about an axis n through R, where n-n = 1. Show that

|
T=-MR -R+ =Iuw?,
2 2

where I =), I; and I; is the moment of inertia of particle i about n.
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4A Dynamics and Relativity
A tennis ball of mass m is projected vertically upwards with initial speed ug and
reaches its highest point at time 7". In addition to uniform gravity, the ball experiences air
resistance, which produces a frictional force of magnitude awv, where v is the ball’s speed
and « is a positive constant. Show by dimensional analysis that T can be written in the
form m
T=" 50

for some function f of a dimensionless quantity A.

Use the equation of motion of the ball to find f(A).
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SECTION 11
5D Numbers and Sets

(a) State and prove the Fermat—Euler Theorem. Deduce Fermat’s Little Theorem. State
Wilson’s Theorem.

(b) Let p be an odd prime. Prove that X2 = —1(modp) is solvable if and only if
p = 1(mod4).

(c) Let p be prime. If h and k are non-negative integers with h + k = p — 1, prove that
RIk! + (—1)" = 0 (mod p).

6D Numbers and Sets

(a) Define what it means for a set to be countable.

(b) Let A be an infinite subset of the set of natural numbers N = {0,1,2,...}. Prove that
there is a bijection f : N — A.

(c) Let A, be the set of natural numbers whose decimal representation ends with exactly
n — 1 zeros. For example, 71 € A1, 70 € A5 and 15000 € A4. By applying the result
of part (b) with A = A,,, construct a bijection g : N x N — N. Deduce that the set of
rationals is countable.

(d) Let A be an infinite set of positive real numbers. If every sequence (a;)52; of distinct
elements with a; € A for each j has the property that

1 N
li — =0
Noeo N Zaf ’
J=1
prove that A is countable.

[You may assume without proof that a countable union of countable sets is countable.]
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7D Numbers and Sets

(a) For positive integers n,m, k with k£ < n, show that

m m— m—1—£
(0 () -G G ()
=0
giving an explicit formula for a, ¢ [You may wish to consider the expansion of
()"
(b) For a function f : [0,1] — R and each integer n > 1, the function B,(f) : [0,1] —» R

is defined by
ey (%) <Z>a:k(1 )y
k=0

For any integer m > 0 let f,,(z) = ™. Show that B, (fo)(z) = 1 and B, (f1)(z) =
for all n > 1 and z € [0, 1].

Show that for each integer m > 0 and each x € [0, 1],
B, (fm)(x) = fm(z) as n — 0.

Deduce that for each integer m > 0,
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8D Numbers and Sets
Let (ax)32; be a sequence of real numbers.

(a) Define what it means for (a;)72, to converge. Define what it means for the series
> pe ak to converge.

Show that if ) ;2 | aj converges, then (aj;)g2, converges to 0.

If (a)32, converges to a € R, show that

- 1 - 1
(b) Suppose a > 0 for every k. Let u, = Z <ak + —> and v, = Z <ak — —> .
k=1 Ok k=1 Ok

Show that (uy,)52; does not converge.
Give an example of a sequence (ay);2; with a; > 0 and ay, # 1 for every k such that
(vn)02, converges.

u
If (v,)%2, converges, show that — — 2.
n

9A Dynamics and Relativity

(a) A photon with energy E; in the laboratory frame collides with an electron of rest
mass m that is initially at rest in the laboratory frame. As a result of the collision
the photon is deflected through an angle 6 as measured in the laboratory frame and
its energy changes to Fjs.

Derive an expression for 11 in terms of 8, m and c.
Ey By
(b) A deuterium atom with rest mass m; and energy F; in the laboratory frame collides
with another deuterium atom that is initially at rest in the laboratory frame. The
result of this collision is a proton of rest mass mg and energy E», and a tritium atom
of rest mass mg. Show that, if the proton is emitted perpendicular to the incoming
trajectory of the deuterium atom as measured in the laboratory frame, then

FE E

2 2 1 2

= 2 + — mi— —& | .
mg moy + <m1 02 > < 1 02 >
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10A Dynamics and Relativity

A particle of unit mass moves under the influence of a central force. By considering
the components of the acceleration in polar coordinates (r,6) prove that the magnitude
of the angular momentum is conserved. [You may use i = (i — r02)¢ + (270 4 r0)0. |

Now suppose that the central force is derived from the potential k/r, where k is a constant.

(a) Show that the total energy of the particle can be written in the form
E =L + Vg(r).
Sketch Veg(r) in the cases £ > 0 and k < 0.

(b) The particle is projected from a very large distance from the origin with speed v and
impact parameter b. [The impact parameter is the distance of closest approach to the
origin in absence of any force.]

(i) In the case k < 0, sketch the particle’s trajectory and find the shortest distance p
between the particle and the origin, and the speed u of the particle when r = p.

(ii) In the case k > 0, sketch the particle’s trajectory and find the corresponding
shortest distance p between the particle and the origin, and the speed w of the
particle when r = p.

(iii) Find pp and uw in terms of b and v. [In answering part (iii) you should assume
that |k| is the same in parts (i) and (ii). ]
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11A Dynamics and Relativity

(a) Consider an inertial frame S, and a frame S’ which rotates with constant angular
velocity w relative to S. The two frames share a common origin. Identify each term

in the equation
r r 2w x dr w X (wXxr)
— | === - — | = r).
dt? e, dt? Jg dt Jg

(b) A small bead P of unit mass can slide without friction on a circular hoop of radius a.
The hoop is horizontal and rotating with constant angular speed w about a fixed
vertical axis through a point O on its circumference.

(i) Using Cartesian axes in the rotating frame S’, with origin at O and 2’-axis along
the diameter of the hoop through O, write down the position vector of P in
terms of a and the angle 6 shown in the diagram (—37 < 6 < 37).

yl

(ii) Working again in the rotating frame, find, in terms of a, 6, 6 and w, an expression
for the horizontal component of the force exerted by the hoop on the bead.

(iii) For what value of # is the bead in stable equilibrium? Find the frequency of
small oscillations of the bead about that point.
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12A Dynamics and Relativity

(a) A rocket moves in a straight line with speed v(t) and is subject to no external forces.
The rocket is composed of a body of mass M and fuel of mass m(t), which is burnt
at constant rate a and the exhaust is ejected with constant speed u relative to the
rocket. Show that

d
(M+m)d—:—au:0.

Show that the speed of the rocket when all its fuel is burnt is

mo
log (14 57
Vg + ulog +M

where vy and mg are the speed of the rocket and the mass of the fuel at ¢ = 0.

(b) A two-stage rocket moves in a straight line and is subject to no external forces. The
rocket is initially at rest. The masses of the bodies of the two stages are kM and
(1 — k)M, with 0 < k < 1, and they initially carry masses kmg and (1 — k)myg of fuel.
Both stages burn fuel at a constant rate a when operating and the exhaust is ejected
with constant speed u relative to the rocket. The first stage operates first, until all its
fuel is burnt. The body of the first stage is then detached with negligible force and
the second stage ignites.

Find the speed of the second stage when all its fuel is burnt. For 0 < k < 1 compare
it with the speed of the rocket in part (a) in the case vg = 0. Comment on the case
k=1

END OF PAPER
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